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Dedicated to A.I. Kostrikin on the occasion of his 70-th birthday 

Abstract. An algebra A with identity (a o b) o c — a o (b o c) = 
(a o c) o b — a o (c o b), is called right-symmetric. Cohomology 
and deformation theory for right-symmetric algebras are devel- 
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oped. Cohomologies of gl n and half- Witt algebras Wj 
0, W£ SJ/Tn (m), p > 0, are calculated. In particular, one right- 
symmetric central extension of W 1 sy is constructed. 
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1. Introduction. 

An algebra A over a field K, of characteristic p > is called right- 
symmetric [BJ|, [j!4| J, if for any a, 6, c G A, the following condition takes 



place 

a o (6 o c) — (a o 6) o c = a o (c o b) — (a o c) o 6. 

Any associative algebra is right-symmetric. For example, gl n under 
usual multiplication of matrices is right-symmetric. An algebra of vec- 
tor fields /Cffa^ 1 , . . . , a;* 1 ]] under multiplication udi o vdj = vdj(u)di 
gives us a less trivial example of right-symmetric algebras. It is not 
associative. Since its Lie algebra is isomorphic to Witt algebra W n , 
we call it a half- Witt algebra and denote it as W^ sym . If n = 1, this 
algebra satisfies one more identity 

a o (b o c) = b o (a o c). 

Such algebras are called Novikov Jl] , . The generalisation of Novikov 
structure for the case n > 1 is possible, if we consider half- Witt 
algebra not with one, but with two multiplications. If we endow 
/C[[x ±1 ,... ,x ±1 ]] with a second multiplication udi * vdj = di(u)vdj, 
then we obtain algebra with the following identities 

a o (b o c) — (a o b) o c — a o (c o b) + (a o c) o 6 = 0, 
a * (6 * c) — 6 * (a * c) =0, 
a o (b * c) — b * (a o c) =0, 
(a*b — b*a — aob + boa)*c = 0, 
(a o b — b o a) * c + a * (c o b) — (a * c) o b — b * (c o a) + (b * c) o a = 0. 
These two multiplications are useful in the construction of right-symmetric, 
Chevalley-Eilenberg and Leibniz cocycles of such algebras. 

We develop cohomology theory for right-symmetric algebras. We en- 
dow right-symmetric cochain complex C* sym (A, M) = ® k C^. sym (A^ M), 
where C r fc +^(A, M) = Hom(A ® A k (A), M), k > 0, by a pre-simplicial 
structure. Corresponding cohomologies can be "almost" obtained by 
derived functor formalism. The exact meaning of the word "almost" 



COHOMOLOGIES AND DEFORMATIONS OF RIGHT-SYMMETRIC 



3 



can be found in section |2.5| . Roughly speaking, this means that one 
should be more careful in considerating small degree cohomologies. 
If we take C^ sym (A, M) as M, then we should consider the opera- 
tor d rsym with cubic condition df sym = 0. |12|]. We prefer taking 
C? sym (A,M) as a Ker d 2 rsym on M, i.e., C° rsym (A, M) := M Lass : = 
{m G M : (m,a,b) = 0,Va, b G A}. Then for any m G M, we 
can correspond 2-right-symmetric cocycles, V(m) : (a, 6) i— > (m,a,b). 
We call such cocycles as standard. If m G M Lass , then V(m) = 0. 
If m G M, then the cohomological class [V(m)] = 0, because of 
V(m) = du, where u(a) = [a,m\. Moreover it is true, if M is a 
submodule of some right-symmetric A— module M, and m G M, 
such that [a,m] = a o m — m o a g M, Va G M. If m G M, such 
that d rsym m(a) G" M, then V(m) can give a nontrivial class of 2- 
right-symmetric cocycles in H 2 sym (A,M). For example, Osborn 2- 
right-symmetric cocycles for A = Wi Sym (m),p > 0, that appear in 
constructing simple Novikov algebras, 

(ud, vd) i — x p _1 -ut><9, 

(ud,vd) i — ► x p ~ 2 uvd, 

are V(x pm+1 <9), and V(a; pm <9), correspondingly. 

If /c > 0, right-symmetric cohomologies if^+^A, M) are isomor- 
phic to Chevalley-Eilenberg cohomologies Hfc e (A, C 1 (A, M)), where 
A he — module structure on C 1 (A, M) is given by a special way: [a, /] (6) = 
—d rS ym.f{b, a). We endow also right-symmetric universal enveloping al- 
gebra by a Hopf algebraic structure. It allows us to consider cup prod- 
ucts, that are very useful in cocycle constructions. 

Second cohomology space H 2 sym (A, A) is interpreted as a space 
of right-symmetric deformations. We calculate right-symmetric coho- 
mologies of matrix algebra gl n ,p = 0. We prove that, in the category 
of irreducible antisymmetric gl r ^ ym — modules, nontrivial cohomologies 
appear only in the case of M = (gl n ) a nu- Moreover, right-symmetric 
cohomology of gl T n ym in (gl n )anti can be reduced to Chevalley-Eilenberg 
cohomology of Lie algebra gl n with coefficients in trivial module: 

)^H* e {gl n ,K), k>0. 

In particular, H^ m (gl n) 1C) =0, k > 0. We calculate also right- 
symmetric cohomologies of gl n with coefficients in regular module. 
These results show that gl n has (n 2 — 1)— parametrical nontrivial right- 
symmetric deformations. Any formal right-symmetric deformation of 
gl n is equivalent to the deformations given by the rule 

(a, b) i— > a ob + ttrb [X, a], I 6 sl 2 . 
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One can choose the prolongation in another way: 

(a, b) i— ► a o b + t X o [(tr a)6 — tr (a o 6) + (tr b)a) 

+t 2 {tr atrb-(trao b) 2 X 2 -(tr atr(Xob))X -(tr (aoX)trb)X}^ . 

We prove that right-symmetric cohomologies of A = W^ sym with 
coefficients in antisymmetric modules can also be reduced to Chevalley- 
Eilenberg cohomologies of the Lie algebra W n . As it turned out, H 2 sym (A 
for A = W n ,p = 0, or A = W n (m),p > 0, is too large and this hap- 
pens mainly because of largeness of a space of right-symmetric deriva- 
tions. There is an imbedding 

Zrsym(A, A) (gi H lie (A, U) — ► H 2 sym (A, A). 

We prove that Z^ sym (A, A) has a basis consisting of two types of right- 
symmetric derivations: di, i — 1, . . . , n, if p > 0, one should con- 

k - 

sider also derivations df ' ,0 < fc» < m,; and Xidj,i,j = 1,... ,n. 
So, any right-symmetric derivation of A has a form X^=i + 8{p > 

0)E?=iE£lV V^f, such that 9^(w g ) = 0,i,j,s = l,... ,n,X iM G 
/C. We formulate a result about local deformations of W n ,p = 0, or 
W n (m),p > 3. The space H 2 sym (W n ,W n ),p = 0, is generated by 
classes of cocycles of four types. In the case of p > 3 Steenrod Squares 
also appears. We prove that W[ sym has exactly one right-symmetric 
central extension. It can be given by cocycle 

(fr, tj) ^ (J + V = 0, 

(e^ej) i-> (-l) i 5 i+jipm _ 1 , p > 0. 

For n>l, F r 2 S2/m (W n ,/C) = 0. 

For right-symmetric algebras, Novikov algebras and some cohomol- 
ogy calculations see also M, [TJ, pi, W7\, M, §, Pi 



2. Right-symmetric algebras and (co)modules. 

2.1. Right-symmetric algebras. An algebra A over afield AC with 
multiplication (a, 6) i— »■ a o 6, is called Lie-admissible, if the vector 
space A under commutator [a, b] = a o b — b o a can be endowed by a 
structure of Lie algebra. An algebra A is right- symmetric, if it satisfies 
the following identity : 

(a o b) o c — a o (6 o c) = (a o c) o b — a o (c o 6), Va, 5, c G A 

Let (a, 6, c) = a o (b o c) — (a o 6) o c be the asssociator of elements 
a, b, c G A. In terms of associators the right-symmetric identity is 



(a, 6, c) = (a, c, 6), Va, b,c e A. 
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Right-symmetric algebra A is Lie-admissible. Similarly, one can define 
left-symmetric algebra by identity 

(a, b, c) = (b, a, c), Va, b,c G A. 

Categories of left-symmetric algebras and right-symmetric algebras are 
equivalent. Any left(right)-symmetric algebra will be right (left)-symmetric 
under new multiplication (a, b) i— > b o a. 

An element e of right-symmetric algebra is called left unit, if e o 
a = a, for any a G A. Denote by Qi(A) a space of left units. Let 
Zi(A) = {z G A : z o a = 0, Va G A} be ie/t center of A. Call a space 
JV,(A) = ®Qi{A) as a semi-senter of A. Then [JV,(A), JV,(A)] C 

Zi(A). An algebra A is called (left) unital, if it has nontrivial left 
units. 

Any associative algebra is a right-symmetric algebra. In such cases, 
we will use notations like A ass , if we consider A as associative algebra 
and A rsym , if we consider A as right-symmetric algebra. Similarly, 
for right-symmetric algebra A notation A rsym means that we use only 
right-symmetric structure on A and A he stands for a Lie algebra struc- 
ture under commutator (a, 6) i— > [a, 6]. 

Matrix algebras gl n gives us examples of unital right-symmetric al- 
gebras. 

Less trivial examples appear in the consideration of Witt algebras. 
The algebra W n ,p = 0, and W n (m) defined below has not only right- 
symmetric mutiplication (a, 6) i— > a o b, but also one more multiplica- 
tion (a, 6) i— > a * 6, that satsifies the following identities 

a o (6 o c) — (a o 6) o c — a o (c o b) + (a o c) o 6 = 0, 
a * (6 * c) — b * (a * c) =0, 
a o (b * c) — b * (a o c) =0, 
(a*o — b * a — aob + boa)*c = 0, 
(a o 6 — b o a) * c + a * (c o b) — (a * c) o 6 — 6 * (c o a) + (b * c) o a = 0. 
Let 

[/ = k[[xf 1 , ... , x^ 1 }] = {x a = Yl X? ■ oc = («i, ...,a n ),a i eZ,t = l,...,n} 

i=i 

be an algebra of Laurent power series, if the main field k has charac- 
teristic and 

U = O n (m) = {x^ =\{xt l) :a= («!,... , a n ), < a, < p m % % = 1, . . . ,n} 
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be a divided power algebra if char k = p > 0. Recall that 0„(m) is 
p m -dimensional and the muliplication is given by 

where m = Y,i m i, and 

Let ej = (0, . . . , 1, . . . , 0). Define <9j as a derivation of U, 

i 

di(x a ) = aiX a ~ e \ p — 0, 
= p > 0. 

Endow a space of derivations DerU = {J2i u A '■ Ui G U} by multipli- 
cations: 

udi o = vdj(u)di, 

udi * vdj = di(u)vdj. 
Denote obtained algebra as W^ sym (m). If p = 0, this denotion will be 
reduced until W^ sym . If n ^ O(raodp), then an element e = J2i x idi/ n 
is a left unit of iy" ym (m). If n = 1, then aob = a*b. Thus the algebra 
A = W^ s2/m (m) in addition to right-symmetry condition satisfies the 
following identity 

a o (b o c) = 6 o (a o c), Va, 6, c G A. 

Such algebras are called Novikov algebras [|I|]. Notice that Novikov 
algebra Wi(m) is unital. If right-symmetric algebra A is Novikov 
algebra, we will use denotion A nov . 

2.2. Right-symmetric modules and comodules. A vector space 
M is said to be module over right-symmetric algebra A, if it is endowed 
by right action 

M x A — > M, (m, a) i— >■ m o a 

and left action 

A x M — > M, (a, to) i— > a o m, 

such that 

to o [a, 6] — (to o a) o 6 + (m o 6) o a = 0, 

(a o to) o 6 — a o (to o 6) — (a o 6) o m + a o (6 o m) =0, 

for any a,b G A, to G M. We will say, that M is antisymmetric 
A— module, if the left action of A is trivial, i.e., a o to = 0, for 
any a G A, to G M. For module M over right-symetric algebra A, 
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denote by M anti its antisymmetric A— module: M anti = M, (to, a) i— > 
mo a, (a, to) \— > 0, for all m G M anti , a G A 

A right-symmetric A— module M is said to be special, if the right 
action satisfies the following condition 

m o (a o b) — (to o a) o b = 0, Va, o G A, Vm G M. 

A special module is antisymmetric, if aom = 0, for all a £ A. 

Example. For right-symmetric algebra A its vector space A can be 
endowed by a natural structure of A— module, (a, m) \— > aom, (to, a) i— > 
to o a, a, to G A. In such cases we say that M = A is regular 
A— module. If A is associative algebra, then regular module is special. 

The functor 

A he -module — > right A /l6 -module — > Antisymmetric A-module 

gives us an equivalence of the category of antisymmetric A— modules 
to the category of (right) A he — modules. Antisymmetric A -module 
corresponding to right A he -module M will be denoted by M anti . 

Assume that A is an associative algebra A with multiplication 
(a, b) i— > a • b. In the last case of A rsym right-symmetric multiplica- 
tions can be defined in two ways: by (a, b) i— > a • 6 or by (a, 6) i— > 6 • a. 
For definiteness we endow A rsym by multiplication (a, 6) i— > a • ft. For 
associative algebra A the functor 

Right A ass -module — > Antisymmetric special A rsym -module 

gives us an equivalence of the categories of antisymmetric special A rsym - 
modules and right A ass -modules. 

Right-symmetric A -module M can be endowed by a structure of 
module over Lie algebra A he by action [a, to] = aom — mo a. The 
obtained module is denoted by M he . 

So, for defining module structure on a vector space M over a right- 
symmetric algebra A one should define on M right module structure 
over the Lie algebra A he and endow it by a left action that satisfies 
condition (AAM). As we mentioned before the last can be done by a 
trivial way by setting a o m = 0, Va G A, Vm G M. 

For a module M over right-symmetric algebra A the subspace 

M Lass = {m :G M : (to, a, 6) = 0, Va, 6 G A} 

is called a ie/t associative invariant subspace of M, and 

M unv = { me m :moa = 0,\/ae A} 

is called a left invariant subspace of M. If M = A is regular module, 
then A z - ass is called a /e/t associative center. Notice that, A Lmv coin- 
cides with the left center of A. Notice that, M Lmv is close under right 
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action of A and 

Module M of (left) unital right-symmetric algebra is called (left) 
unital, if 

e o m = m, Ve G , Vm G M. 

and (left) central, if 

Z om = 0, ,Vz G Zi(A),Vm G M. 

Regular module of unital right-symmetric algebra is unital and cen- 
tral. 

A vector space M is called comodule over right-symmetric algebra 
A, if there are given right action 

M x A — > M, (to, a) i-> m o a, 

and left action 

/IxM^M, (a, to) i-> a o to, 

such that 

[a, 6] o m — a o (6 o m) + 6 o (a o m) = 0, 

— b o (m o a) + (6 o m) o a — to o (a o 6) + (m o a) o 6 = 0, 

for any a,b E A,m E M. A comodule M is special, if it satisfies the 
identity 

(a o 6) o m = a o (6 o m), Va,()6i4,Vm6M. 

A (special) comodule M is called antisymmetric, if moa = 0, for any 
a G A. 

Example. Let A be right-symmetric algebra, M be A— module 
and M' — {/ : M — > /C} be a space of linear functions on M. Set 

(a o f)(m) = f(m o a), (/ o a)(m) = f(a o to). 

Then M' under actions (a, /) i— > ao/, (/, a) h/oa, can be endowed 
by a structure of A— comodule. Check it. 

{[a, b]f - a o (6 o /) + b o (a o /)}(m) = 

/(to o [a,b] — (m o a) o b + (m o b) o a) = 0, 

{—6 o(/oa) + (io/)oa-/o(floft) + (/ofl)o &}(to) = 
/(—a o (m o b) + (a o to) o b — (a ob) o m + a o (b o m)) = 0. 

The A— comodule A' for regular module A is called coregular comod- 
ule of A. If A is associative, then A' is special comodule. 
For A— comodule M let 
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be a right associative invariant subspace of M and 

M r.inv = { mG M:oom = 0, VaeA} 

be a right invariant subspace of M. Notice that M r/mv is close under 
left action of A. An inclusion takes place 

2.3. Antisymmetric module C} ight (A,M). 

Proposition 2.1. The space of linear maps C^ sym (A, M) := C l {A,M) = 
{/ : A — > M} can be endowed by a structure of antisymmetric A— module, 
where the right action is given by 

(/ o a)(b) = f(b) oa-f(aob) + bo f(a), a,b e A. 

Proof. For / G C^A M),a,b,ce A, we have 

(/ o [b, c]){a) - ((/ o b) o c)(a) + ((/ o c ) o 6)( a ) = 

d rS ymf(a, [b, c]) - d rs2/m ([/, 6])(a, C) + rf rS ym([/, c])(a, b) = 

aof([b,c])-f(ao[b,c]) + f(a)o[b,c\- 
-ao[f,b](c) + [f,b](aoc)-[f,b}(a)oc+ 
+ao[f,c](b)-[f,c}(aob) + [f,c}(a)ob = 

aof([b,c])-f(ao[b,c})+f(a)o[b,c] 
-a o d rsym f(c, b) + d rsym f(a o c, b) - d rsym f(a, b) o c+ 
+a o d rsym f(b, c) - d rsym f(a o b, c) + d rsym f(a, c)ob = 

a of([b,c \) - /He]) + / ( a) ° [6, c] 

— a o (c o /(&)) + a o /(c o 6) — a o (/(c) o 6) 
+ (a o c) o /(&) — /((a o c) o 6) + /(a o c) o b 

— a o /(&) o c + /(a o 6) o c — (/(a) o 6) o c + 

+ a o {b o /(c)) — a o f(b o c) + a o (/(&) o c) 
— (a o 6) o /(c) + /((a o b) o c) — /(a o b) o c + 
(a o /(c)) o 6 — /(a o c) o 6 + (/(a) o c) o b = 

= 0. 
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So, C l (A,M) is a right A lie -module. • 

2.4. Universal enveloping algebras of right-symmetric alge- 
bras. Consider two copies of A, denote them by A r ,A l , and the 
tensor algebra T(A r © A 1 ). Algebras A r ,A l supposed to be free as 
K,— module and the tensor algebra T(A r © A 1 ) is associative and uni- 
tal. Elements of A r and A 1 corresponding to a e A denote as r a 
and l a . Let U(A) be a fact or- algebra of T(A r © A 1 over an ideal J 
generated by r[ a ,b\ ~ r a r b + r b r a , [r b , l a \ - l b l a + l aob . This algebra can be 
considered as a universal enveloping algebra of right-symmetric algebra 
A. Denote by U(A) the factor-algebra of T(A r © A 1 ) over an ideal J 
generated by {r aob -r a r b , [r b , l a \ - l b l a + l aob }. This algebra is called a 
special universal enveloping algebra of A. Notice that, J C J, since 

r[a,b] - [r a ,r b ] = {r aob - r a r b } - {r boa + r b r a } E J. 

So, the following exact sequences of algebras take place 

-> J -> T(A r © A 1 ) -> C/(A) -> 0, 

-> J -> T(A r © A z ) -> C/(A) -> 0, 

and 

-> J/ J -> -> C/(A) -> 0. 

In particular, we can consider U(A) as right U( A)— module: 

■u-u = uv, 

where u and u are elements of C/ (A) and [/ (A) corresponding to 
ueT(A r ® A 1 ). 

Theorem 2.2. Let A be a right- symmetric algebra. 

i) There exists an equivalence of the categories of A— modules and 
right U '(A)— modules. The same is true for A— comodules and left 
U(A)— modules. 

ii) The category of special A— modules is equivalent to the category 
of right 11(A)— modules. The same is true for special A— comodules 
and left U (A)— modules. 

Proof, i) Let (r, I) : A — > End M be a representation of right- 
symmetric algebra A corresponding to A -module M, i.e., 

r : A — > EndM, a i— > r a , mr a = mo a, 

I : A ^ EndM, a i— > / a , m/ a = a o m, 
linear operators, such that for any a, 6 G A, 

r M - r a r b + r 6 r a = 0, (MA A) 

[r b , la] ~ Ida + Lob = 0. (AAM) 
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So, any A— module is a right U(A)— module and, converse, any right 
U(A)— module can be considered as an A— module. 

A corepresentation (r co , l co ) : A — > EndM, corresponding to 7L-comodule 

M, 

r co : A —> EndM, a i— > r a , r c °m = a o m, 

I 00 : A^ EndM, a i-> Z , !> = m o a, 

satisfies conditions (MAA), (AAM) for r c ° , l c ° . So, any A— comodule 
is a left [/(A)— module. Any left U(A)— module can be considered as 
a A— comodule. 

ii) Let M be a special A— module. Then by the rule 

mr a = m o a, ml a = m o a, 

we obtain a right U(A)— module: 

mo(floft)-(mofl)oi=0-> r ao f, = r a r\,. 

Converse, for a right U(A)— module N , one can correspond special 
A— module N, by no a := nr a , a o n = nl a . 
For a special A— comodule M notice that 

(a o b) o m — a o (b o m) = =^ r™ b = r c °r™ , 

if r™m = a o m, Z™m = m o a. So, any special A— comodule is a left 
U spec (A)— module. A converse statement is also evident. • 

2.5. Right-symmetric cohomologies as a derived functor . Re- 
call that factor-images of the element u G T(A r © A') in U(A) and 
£7 (A) are denoted by u and it. Consider A = A® < 1 > as a right 
U (A) — module: 

1 o f a = r a o 1 = a, 1 o l a = l a o 1 = a, a o ff, = a o b, a o l b = b o a, 

for all a £ A. Endow U(A) by a structure of U(A)— module as in 
the subsection O. Consider A ® A fc (A) ® [/(A), A; > 0, as a right 



U(A)- module. Then A(g)A*A<gif7(A) is a free U(A)— module. Denote 
its generators by < a , ai, . . . , >, where ao G A, ai A- • - Aa^ G A fe A 
Construct homomorphisms 

d : A® A k A (g> C/(A) -> A <g> A^A ® C/(A), fc > 0, 

9 : A <g> [/(A) -> #(A) 

e : 17(a) -> A, 

as below 

d < a ,ai, ... ,a k >= 

k 

J2i(~ l ) t+1 < Q>i,ai, ■ ■ ■ ,a>h ■ ■ ■ ,ak > h 

i=l 
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+ (-1)* < a o a i: ai, . . . , a,, . . . , a fc > 
+ < a , ai, . . . , d i} . . . , a fc > f a J 

+ < a ,ai,... ,0i,... [aj,aj], . . . , a k >, 

9(ao) =< 1 > loo- < 1 > f ao , 

el = 1, er a = a, d a = —a. 
Then the following sequence 

• • • 4. A® A 2 A®f/(A) A A®A®f/(A) A A<g>l/(A) A A i -> 

is almost a free resolution of the right U( A)— module A. Here the 
words "almost free" mean that all members of the resolution except 
U(A) is are free right U( A)— modules. 
Notice that 

Hom u(A) (A <g> A k A <g> C/(A), M) A <g> A fc A, fc > 0, 
and ifom;7(^)(C/(A), M) consists of <? : £/(A) — > M, such that 

#(l)(f a f 6 - fooft) = ff(l(f f 6 - fooft)) = 

#(r a r 6 - ra o6 ) = ^(r a r 6 - r^) = 
0, 

for any a,b E A. So, 

Homu( A )(U(A), M) = {m <E M : (m, a, b) = 0}. 
Therefore, as a right-symmetric cochain complex we can take 
C* rsym (A,M) = ® k C* sym (A,M), 
C° rsym (A, M) = {meM : (m, a, 6) = 0, Va, 6 G A}, 

CW(AI)=i®^, A;>0. 

These statements will follow from our results on right-symmetric coho- 
mologies in the next sections. Our approach is slightly different from 
Koszul's approach. We will argue in cohomological terms and prove 
that right-symmetric cochain complex has a pre-simplicial structure. 

Let us mention these results relating homologies. Let M be comod- 
ule over right-symmetric algebra A. Endow M ® A by a structure of 
antisymmetric A— comodule with a left action 

bo (m® a) = m o a ®b — m®aob + bom®a. 

Set 

C r sym (A,M) := M r - ass :={mEM: (a,b,m) = 0, Va, b E A}, 
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ClZ m (A,M) = M®A® A k (A), k>0. 

Cl sym {A,M) = ® k C r k sym {A,M). 
Then Cl sym (A, M) is chain complex under the boundary operator 

d : C r k sy ™(A, M) -> C r k sym (A, M), 
d(m <S> do <E> cli A • • • A a k ) = 

k 

l) l+1 {m o a <8> en <E> ai A • • • &i ■ ■ ■ A a k 

i=l 

—m <S> a o di <S> di A di • ■ ■ A a k 
+<ii o m <S> ao <8> ai A • • • di • • • A a^} 
+ l) i+1 m (g) ao <8> ai A • • • a* • • • A a^-i A [aj, a,j] A ■ ■ - a k . 

i<j 

Moreover, CJ sym (A, M) has antisymmetric A— comodule structure 
with left action 

p^ m (ir)(m <g> a <g> ai A • • • A a fc ) = 

k 

y^(— l) ? (m o a ® aj ® ai A • ■ • a, • • • A a k 

i=i 

— m ® a o a« <8> a\ A • • • di • • • A a k 
+aj o m <S> ao ® ai A • • • di ■ ■ ■ A a^} 
+ ^2(-iy +1 m <g> a ® ai A • • ■ A Oj_i A a*] A • • • A a fc , 

and an isomorphism of A— comodules takes place 
C r k sy r(A, M) C l k te (A, M <g> A). 
that induces an isomorphism of homology spaces 

H r k sy ™(A, M) = Hj? e (A, M <g> A), k > 0. 



14 
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2.6. Comultiplication of universal enveloping algebra. Let U(A) 
be the universal enveloping algebra of a right-symmetric algebra A. As 
we noticed in section |^, it can be generated by the elements r a , l a , a G 
A, such that 

r[ a> b] - [r a , n] = 0, [l a , n] - laob + hh = 0, a,b G A. 
Define homomorphism 

A : U(A) -> U(A)®U(A), 

by 

A(l) = 1®1, 
A(r a ) = r a ®l + l® (r a -Z a ), 
A(/ a ) = Z a ® 1. 
Since, according to right-symmetry identities, 

A([r ,r 6 ]) = 
A(r a )A(r ) - A(r )A(r a ) = 
r a r 6 ® 1 + 1 <g> (r a - l a )(r b - l b ) - r b r a ® 1 + 1 ® (r& - Z fe )(r a - Z a ) = 

?>,&] <g> 1 + 1 <g> (r[ a ,b] ~ l[a,b] = 

A(r M ), 

A([Z a ,r&] - l aob + l b l a ) = 
(Z ®l)(r6®l+l®(r6-/6))-(r6®l+l®(r6-Z 6 ))(/ a ®l)-Z o6®l+/6/o®l = 

([Za,^] - Zao6 + Z 6 Z a ) ® 1 = 

0. 

this definition is correct. 

Theorem 2.3. For a right- symmetric algebra A and its universal en- 
veloping algebra U (A) the following diagram is commutative 

U(A) A U(A) ® U(A) 
I A | A® 1 

C/(A) (8) C/(A) U{A)®U{A)®U{A) 
Proof. We must check that 

(1 <g> A)A(u) = (A <g> l)A(u), Vw g 

We have 

(1 <g> A)A(r«) = 
(r a <g> 1 ® 1 + 1 ® r a ® 1 + 1 <g> 1 ® (r a - Z a )) - 1 ® Z a ® 1 = 
(r a ® 1 <g> 1 + 1 <g> r a <g> 1 - 1 <g> Z a ® 1) + 1 ® 1 ® (r a - Z a ) = 
A(r a ) ® 1 + 1 ® (r a - Z a ) = 
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(A <g> 1) <g> A(r a ), 
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(1 <g> A)A(Z ) = Z a <g> 1 <g> 1 = (A <g> l)A(Z a ). • 
Similarly, homomorphism Ai defined below is also comultiplication, 

Ai : U(A) -> C/(A) <g> 17(A), 

Ai(l) = 1(8)1, 
Ai(r n ) = (r a -Z a )® 1 + 1 ®r a , 
Ai(Z ) = 1 ®Z a 

So, we can construct for given A— modules M and iV their tensor 
products M®N with a module structure unduced by comultiplication 
A : 

(to (g) n) o a = m o a ® n + to £g> [n, a] , 

a o (m <g) n) = a o m <8> n. 

Moreover, it is possible for right-symmetric A— module M and for 
A he — module N. These module structures on tensor products 
sociative: if M, N, S are modules over right symmetric algebra A, 
then 

(M®N) ® S ^ M ®(N ® S). 

Definition. For given modules M, N over right- symmetric algebra 
A, a homomorphism of A— modules M <g> iV — > S is called a cup 
product of M and N. 

Denote the image of m®n in 5 by mUn. Thus, a bilinear map 

M x iV -> S, (to, n) to U n, 
is said to be the cup product (pairing) of M and N to S, if 

(to U n) o a = to o a U n + to U [n, a] , 

a o (to U n) = a o to Un, 

for any a G A,m,n G M. 
Let 

C 1 ^, M) = Hom k (A, M), C^ e (A, M) = Hom k (A k A, M), fc > 0, 
C^A, M) = iJom fc (A <g> A fe (A), M), fc > 0. 
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Proposition 2.4. Cy+^(A, M) has an antisymmetric A— module struc- 
ture, where the right action 

(C^KA, M)xA~^ C k r £ m (A, M), ty, x)k^ox, 

is defined by 

(i)o X )(a ,a 1 ,... ,a k ) = 
a o ip(x, a u . . . , a k ) - ip(a o x, a 1} . . . , a k ) 

k 

+*p(a , ai, . . . ,a k ) ox + Y^ ^( a o, «i, • • • , [x, a»], • • • ,a k ), 

i=l 

for ^C(4,M), fc>0. 
Proof. Since, 

^(AM)^ 1 ^,!), 
an isomorphism of linear spaces takes place 

G : C^JA M) ® C* e (A k) -> C7j+i(A M), * > 0, 
(G(/ ® ^))(oo, , a fc ) = /(ao)V'(ai, • • • , a*)- 



In section £73] we have constructed an antisymmetric right-module struc- 
ture on Cl ight {A, M). Lie module structure on Cf ie (A,k) over A he is 
well known. So, for an antisymmetric A— module structure 

C l rsym (A, M) ® C&(A, k) = {f®^:fe Ck ght (A, M), g Cf ie (A, k)} 

we have 

((/ ® 4>) ° x)(a <S> (ai, . . . ,ajfc)) = 



((fox) ® ^)(a ® (ai, . . . ,a fc )) + (/ ® [^,x])(a ® (ai, . . . ,a fc )) = 
(/(a ) oi- /(a o x) + a ° /(a)) ® V>( a i> ... , a*) 

k 

+/(ao) ® H ^( a i' . ■ • , a»], . . • , a*) = 
i=i 

We see that 

G{(/®^)ox} = {G(/®^)}ox. 
Therefore, i)h^ioi gives us a right representation. • 
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2.7. Right-symmetric modules for W™ ym • Let 

r n = {a = (q;i, . . . , a n ),ati G Z, i = 1, . . . , n} 

r+ = {a G r n : a* > 0, % = 1, . . . , n}. 

and 

T n (m) = {a G T+ : an < p m \ i = 1, . . . , n}, 

if p > 0, m = (mi, . . . , m n ). 
Let 

f/ = /C[[a; ±1 ,...,a;± 1 ]] = {x a :aGr n }, 
(/ + = /C[[x 1 ,...,^]] = {x a :«6r:} 1 

if p = 0, and 

17 = 0„(m) = : a G r„(m)}, 

if p > 0. 

For p = 0, let A = W^ sym , ii U = JC[[x ±l ,... ,x± 1 }}, and A+ = 
W+ rsym , if U + = K[[x u ... ,x n }}. Let A be W^ m (m), if C/ = 
O n (m), p > 0. Algebras A,A + are right-symmetric and U is as- 
sociative commutative. 

Notice that U has a structure of antisymmetric graded A— module. 
The right action is given by u o adi = adi(u). The gradings are given 
by 

\x a \ = ^a h a G T n (orr n (m) if p > 0), 

i 

U = ® k U k , U k = {u EU : \u\ = k}, 
A = ® k A k , A k = {adi ■ \a\ = k + 1, % = 1, . . . , n}, A k o A t C A k+h 

U0U1Q U k+l , U k o Ai C f/ fc+/ , fc, / G Z. 

Notice that A = #^ m . 

Let Aq = ® k A k , and ^4+ = ® k > 0A~£, if p = 0. Let M be 
Aq— module, if p > 0, and Aq— module if p = 0. Define antisymmet- 
ric A— module structure on [J® M Q by (see ||) 

[u®m)o adi = adiiu) <8> m + ^ ud /3 (a) ® [m, x^c^], p > 0, 

/3er„ 

(u®m)o adi = adi(u) ® m + (I / fityud 13 (a) ® [m, ar 9*], p = 0. 

/3er+ 
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3. COHOMOLOGIES OF RIGHT-SYMMETRIC ALGEBRAS 

3.1. Pre-simplicial structures on C*^y m (A, M) . For aright-symmetric 
algebra A and its module M we introduce a structure of pre-simplicial 
cochain complex on C*+y m (A, M) = © fc > C r fc +^(A, M), where 

C^+liA, M) = Hom(A <g> A k A, M), k > 0. 

Define linear operators A : C*fy m {A, M) -> C;+ l m {A, M),i = 1,2,... , 
by the rules 

A:C(AM)-C( A - M ). 
A^(«o,ai, • • • ,a k ) = 
a o ^(aj, ai, . . . ,d h ... , a k ) - ip(a oa^a^... , d h . . . ,a k ) 

+ip(a ,a 1 , ... ,d h ... ,a fc )oai+Xl^( a o,ai, • • • ,d { ,... , [a^a,-], . . . , a fc ), 
< k, i < k, 

Diip = 0, % > k. 

Here a means that the element a is omitted. 

In the next section we will endow C* sym (A, M) = ® k C^ sym (A, M) 
by a structure of cochain complex, where 

C? aym (A,M) = 0, k<0, 

C° sym (A, M) = {me M : (ma)b = m(ab), Va, b G A}. 

Theorem 3.1. The set of endomorphisms D i: i = 1, 2, . . . endows C*+ ym (A, M) = 
®k>oCr Sym (A, M) by a pre-simplicial structure: 

DjDi = DiDj_ x , i < j, 

In particular, d rsym = — l) l A, is a coboundary operator on 
C^yKAM): 

d 2 = 

^rsym «■ 

Proof. For % < j, 1 < k, we have 

DjDiijj(a , . . . , a fc ) = Xi + X 2 + X 3 + X 4 , 



where 



Xi = a (D i ijj(a j , ai, . . . ,dj,... , a fe ), 
X 2 = -A^( a o ai, . . . , dj, ... ,a k ), 
X 3 = Dii/j(a , ai, . . . , a fc )a,', 

X 4 = ^ Diip(ao, ... , a s _i, [a,, a s ], . . . , a k ). 



j<s 

Direct calculations show that 



X 1 = 
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a (ajip(ai, a ± , . . . , dj, . . . ,dj,... , a k )) 
-a ip(aj o Oj, ai, . . . ,d h ... , dj, . . . ,a k ) 
+a (ip(aj, ai, . . . ,dj,... , dj, . . . , a k )ai) 
+ a o(4>(aj, a!,... ,di,... , [ai, a s ], . . . , a k )), 

x 2 = 

-(a o aj)ip(ai, a ± , . . . , dj, . . . ,dj,... , a k ) 
+ip((a o a,j) o a h ai, . . . , dj, . . . , a,-, . . . , a fc ) 
-{ip{a oa-j,ai,... , dj, . . . , a), . . . , a k ))ai 



i<s,s^j — 

+ (ao^(ai, ai, . . . , dj, . . . , a,-, . . . , afc)) a j 
-(^(a o aj, ai, . . . , dj, . . . , d i? . . . , a k ))a,j 
+((i/j(a , ai, . . . , dj, . . . , dj, ... , a^a^aj 

+ (^( a o,ai, • • • • • • ,0-s-u Wi,a s ], ■ ■ ■ ,a k ))aj 

+ ^ a o(^(«i,«i, • • • ,dj, . . . ,_dj,— , a s _i, [aj,a s ], . . . ,a k )), 

j<s = = = = 

X 4 = 

-^V(°o ° Oj,ai, ... , dj, . . . , a,-, . . . , a s _i, [%,a s ], ... ,a k ) 

j<s S^^S 

+ H (^(«o, ai, . . . , dj, . . . , d i? . . . , a s _i, [a,, a s ], . . . , a fc ))ai 
+ H ^(«o, «i, • • • , dj, . . . , a,-, . . . , a s _i, [a j: a s ], . . . , a si _i, [a,, a si ], 

j<s,j<si,s<si — — — — 

+ V'( a 0; ai, • • ■ , dj, . . . , . . . , a si _i, [a^, a si ], . . . , a s _i, [a*, a s 

j<s,i<si,si<s,si^j 

+ X] ^( a o,ai, • • • ,dj, . . . ,dj, . . . ,a s _i, [a h [%,a s ]], . . . ,a k ). 

j<s,(i<si,si=s) 

Analogously, 

DiDj-^ao, ai, . . . , a fc ) = Y 1 + Y 2 + Y 3 + Y 4 , 
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where 



Yi = a (D j _ 1 i)(a i , a ± , . . . ,d h ... ,a k ), 
Y 2 = --Dj_i(a o aj, ai, . . . , dj, . . . , a fc ), 
F 3 = D j ^ 1 ip(a , ai, . . . , dj, . . . , a k )a u 
Y 4 = I>j_i^(ao, ai, . . . , d i} . . . , a s _i, [a i? a s ], . . . ,a k ). 



1<S 



We have 



Y 1 = 

a (aiip(aj, a 1: . . . , dj, . . . , d j: . . . , a k )) 



—a ip(ai oa j: a 1: ... , a,, . . . , a,-, . . . , a fc ) 
+a (V'(aj, ai, . . . , a,, . . . , a,-, . . . , a fc )<2j) 

+ ^2a ip(a i: a 1: ... , a,, . . . , a s _i, [%,a s ], . . . , a fc ), 

i<s = = = = 

^2 = 

-(a o aj)^(%, ai, . . . , dj, . . . , a,-, . . . , a k ) 
+ip((a o ai) o Oj, ai, . . . , d u . . . , a,-, . . . , a fc ) 
—il>(a o a,, ai, . . . , dj, . . . ,dj,... , a fe )a.,- 
-^^(a o Oj,ai, ... , dj, . . . , a,-, . . . , a s _i, [aj,a s ], . . . ,a k ), 

j<s — — — — 

Y 3 = 

(a ip(aj, ai, . . . , dj, . . . , dj, . . . , a k ))a,i 



- (ip(a Q o aj, Oi, . . -j^jj • , d j? . . . , a k ))ai 

+ ((^(a , ai, . . . , dj, . . . , dj, . . . , a k )aj)ai 

+ ^(V>(a , ai,... ,dj,... ,dj,... ,a s _i, [aj,a s ], . . . ,a fe ))aj. 
j <s ~~~~ 

Present Y4 as a sum 

Y" 4 = Yk,i + F 4 , 2 + >4,3, 

where 

y 4) i = ^ D j _ 1 ijj(a ,a 1 ,...,d i ,...,a s - 1 ,[a i ,a s \,...,a k ), 

i<s<j 

Oil , ... , dj, . . . , Clj — i, [dj, (3 j 

*4,3 = £-^-1^(00,01, • • • >«*>••■ > a s-i> [a*>aj, • • • 

jr'<S 
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These elements can be expressed in the following ways 

«o(^(aj, ai, . . . ,di,... , a s _i, [a,, a s ], . . . , dj, ... , a k )) 

i<s<j 

- ^( a o oa j: a 1: ... , d h . . . , a s _i, [a*, a s ], . . . , dj, ... ,a k ) 

i<s<j 

+ (^(«o, ai, • • ■ , a», • • ■ , a«-i, [a», <*«],••■ , • • • , Ofc)K' 

i<s<j 

Ol, . . . , Oj, . . . , Q Sl _i, [flj, • • • j 0>ji ■ ■ ■ j O s _i, [fljj Os] j • 

i- S] - j- S 

^4,2 — 

+a (^([tii, 

- ^(ao o [ai,aj],ai, . . . ,ai, ... , a fc ) 

+ (^(a ,ai, . . . , a,, ... ,dj,... , a fc ))[aj, a,] 
+ ^V( a o>°i> ... ,d h ... ,dj,... ,a s _i, [[a,, aj], a s ], . . . ,a k ), 

j<s 

^4,3 = 

5^a (^(aj,ai,... , a*, . . . — , a s -i, K, a s ], • • ■ ,a fc )) 
-^V( a o ° aj,a u . . . .a;,...^.. , a s _i, [a*, aj, . . . ,a k ) 
+ Yl (^( a o, ai, . . . , di, . . . , dj, ... , a s _i, [a*, a s ], . . . , a k ))aj 

j<s 

+ ip(a , ai, . . . , di, . . . ,dj,... , a s _i, [a h a s ], . . . , a si _i, [a,-, a si ], . . . 

j<s<si 

+ ^V(°o,ai, • • • ,di,... ,dj,... ,a s _i, [a;,a s ]], ... , a fc ) 

jr'<S = = = = 

+ X! V ; ( a 0; ai, • • ■ , di, . . . ,dj, . . . , a si _i, [a i: a si ], . . . , a s _i, [a,-, a s ], . . . 

j<si<s ~~~~ 

Using right-symmetric identity for the expressions underlined, in sim- 
ilar ways we obtain that 

DjDi = D, L Dj_\, i<j. • 
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3.2. Cohomologies of right-symmetric algebras and Cartan's 
formulas. In the previous section we proved that C*f ym (A, M) = 
®k>oC^ sym {A, M) is a cochain complex under coboundary operator 
drsym} such that 

k 

- l)*ao ° (il>(a%, a u ■ ■ ■ ,di,... , a k )) 
i=i 

k 

+ J2(-iy^(a odjjOi,... , d i} . . . , a*,) 

i=l 

(-!) l+ V(ao, ai, • • ■ , d h . . . , [a h a,], . . . , a k ) 

i<*<i<fe 

fe 

- J2(-iy(ip(a , a u ... ,di,... , a k )) o on, 
i=i 

^ e C fc (A,M),0 < fc. 
For m e M, define d rsym e C}. sym (A, M), 

d rS ym m {.a) = aom — mo a. 

It is easy to see that 

d 2 rsym m{a, b) = 
a o d rsym m(b) - d rsym m(a o b) + d rsym m(a) o b = 
a o (b o m) — a o (m o b) — (a o b) o m +mo(aob)+(a o m) o b —{moa)ob - 

(a, b, m) — (a, m, b) + m o (a o b) — (m o a) o b. 

Thus, according to right-symmetric identity 

d 2 rsym m(a ) b) = m o (a o b) - (m o a) o b. (1) 

From this fact two conclusions follow. Firstly taking a subspace of left 
associative invariants 

M i.ass = { m e m : (m, a, b) = 0, Va, b G A} 

as a -cochain subspace C® s (A, M), we obtain cochain complex 

C*s ym (A, M) = (Bk>oC^ sym (A, M) 

under coboundary operator d rsym . The second conclusion will be dis- 
cussed in the next section in the construction of standard 2-cocycles. 
Let 

Z* rsym (A,M) = ® k Z* sym (A,M), 
Z k rsym {A, M) = {■?/>€ C* sym (A, M) : d rsym ^ = 0}, 
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be spaces of right-symmetric cocycles, 

B* rsym (A,M) = ® k B k rsym (A,M), 

B* sym (A, M) = {d rsym u : u e C^yUA, M)}, 
be spaces of right-symmetric coboundaries, and 

HrsymiA, M) = ®kHr Sym (A, M), 

H* sym (A, M) = Z* sym (A, M)/B k rsym (A, M), 

be right-symmetry cohomology spaces. 

Definitions. For any x G A the interior product endomorphism 
i(x) of C*. sym (A,M) is defined by 

i(x) : C^JylniA, M) — > C^ sym (A, M), 

i(x)V»(oo, • • • , ctfc-i) = ^(«o, x,a x ,... , Ofc_i), k > 0, 
i(x)^ = 0, 



Let p; ie : A he — > C*+ ym (A, M) be a representation of Lie algebra A 



lie 



corresponding to antisymmetric representation 

Prsym : A -> C*+^(A, M), p rsym (x)4> = 0, ^Prsym(x) = *0 O X, 



constructed in proposition 

(p fe (x)^)(a ,ai, . . . ,a fc ) = 
-a o ^(rc, ai, . . . , a fc ) + ^(a os,a 1; ... ,a k ) 

k 

--0(a o ,ai, ... ,a fc ) o x - ^^(a ,ai, . . . ,a»_i, [x,a t ], . . . ,a fc ). 

i=i 

Recall that 

Pl ie {x)lp = -1pp lie (x) = -7p O X = -lpp rsym (x). 

Proposition 3.2. (Cartan's formulas) Consider C*+y m (A, M) := ® k C^ y l m (A, M) 
as a A he — module. For linear operators on C*^ yin ^ 
relations take place 

i) i(x)Di = Di_xi(x), I > 1, 

it) i(x)Di = -pue(x), 

Hi) Plie[x,y] = [plie(x),Plie(y)], 

iv) [i(x),pi ie (y)} = -i([x,y\), 
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i(x)Diif>(a , • • • ,Ofe-l) = 

Diifj(a ,x,a 1} . . . ,a,k-i) = 

a o ^(oj_i, x, ax, . . . , af_i, . . . , a fc _i) 
--0(ao ° az-i, ai, • • ■ , af-i, . . . , a fc _i) 
+^(a , x, ai, . . . , af_i, . . . , a fc _i) o a w 
+ $1 V'( a o, ai, . . . , . . . , dj-x, [ai-i, %],-■■ , Qfc-i) = 

a o i(x)ij}(ai^. 1 , a l3 . . . , a z l a , . . . , a fc _i) 
-i(x)ip(a o a/_i, ai, . . . , af-i, . . . , a fc _i) 
+i(x)^(a , ai, . . . , af_i, . . . , a fc _i) o 
+ XI ^M^o, «i, • • • , af-i, ■■ ■ , a-j-i, %],... , a fc _i) = 

A_ 1 i(a;)'0(a o , . . . ,a k ^ x ). 

(ii) 

2(x)Di^(ao, • • • ,a k -i) = 

D 1 tp(a ,x,ai, ■ ■ • ,afc_i) = 

a o ^(x, ai, . . . , a fc _i) - ip(a Q o x, a 1; . . . , a*.^) 
+^(a ,ai, • • • ,o fc _i) o x + ^2<ip(a ,a 1} . . . . . . , a fc _i) = 

('0Pr- S2 /m(^))(ao, • • • ,ajfc-l)- 

(iii) Proposition [2^ . 

(iv) We obtain 

-{(z(x)p/i e (y))V>}(a , a 1; . . . , a fc _i) = 
(if) oy)(a ,x, ai, ... , a^j.) = 

a o x, ai, . . . , afc_i) - ip(a oy,x,a h ... , a fc _i) 

+ ^(a ,x, a a , . . . ,ajfc_i) o y 
fc-i 

-H0(a o , [rc,2/],ai, . . . , a fc _i) + ^ V( a o,z,ai, . . . , a^i, [a i5 y], . . . ,a fc _i), 
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and 



a o {(i(x)ip)(y, ai, . . . , a fe _i)} - (i(a;)^)(ao o y, ai, . . . , a fc _ 
+{(i(x)i/j)(a 0: ai, . . . , a fc _i)} o y 



a o ° (^(y, a:, ai, . . . , a fc _i)) - ^(ao 2/, x, a u . . . , a fc _i) 



+ ^(a ,x, ai, . . . , a fe _i) o y 

fc-i 

+ H i>(ao,x, ai, . . . , aj_i, [aj,y], . . . , a fc _i) . 



Thus 

{(-i(ar)piie(j/) + Piie(y)i(x))ip}(a 0: a u . . . , a fc _i) = 

(i[x,j/]^)(a ,ai, . . . ,a fc _i). 
(v) According (i) and (ii), 

^K SJ/ ™ = i{x)D 1 + £(-l)' +1 i(a;)A = 



{(p iie (y)i(a;))^}(ao, a u . . . , a fc -i) 



{(i(a:)^) oy}(a ,ai,... , a fc _i) 



fc-i 



+ ^(i(x)^)(a ,ai,... , 



Oj-i, [ai,y], . . . ,a fc _i) 



i=l 



p He (x) + J2(-l) l+1 Di-ii(x) 



i>i 



- Plie (x)-j2(-i) l+1 mx). 



l>0 



Thus, 




Plie(x).» 
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3.3. Long exact cohomological sequence. The following theorem 
follows from standard homological results. 

Theorem 3.3. Let A by a right- symmetric algebra and 

0^ M -> S ^0 

be a short exact sequence of right- symmetric A -modules. Then an 
exact sequence of right- symmetric cohomology spaces take place 

-> Z° rsym (A, M) -> Z r % m (A, T) -> Z r ° S2/m (A, 5) 4 
z ls V m{A, M) -> Zl sym (A, T) -> Zl sym (A, S) 4 H 2 rsym {A, M) — > • • • 

- # r fc SJ/m (A M) - H^ sym (A, T) -> itf^JA, 5) 4 //^(A M) — > • • • 
i/ere 5 is a connected homomorphism: 

m = [d rsym <p], m g .ja s), fc > i, 

5Vl = K SJ/ m0l], 01 e Z l raym (A, 5), i = 0, 1, 

where G Z^ sym (A,T) is a representative of the cohomological class 
[■0] and 0i G Z l rsym (A, T) moves to 0i under a natural homomorphism 
Z; sym (A,T)^Zl sym (A,S),i = 0,1. 

Define a homomorphism V : 5 , ' ass — > Z^ SJ/m (A, M), as a composition 

V : C r % m (A, 5) *2T 5) 4 Z^ m (A iW), s I— > rf rs , mS ^ 5(^, mS ). 

Then 

V(m)(a, 6) = m o (a o ft) - (m o a) o d. 
In particular, there exist homomorphisms 

5 : - Z^JA M), <S(s) :aH[ s , 8 ], 

^ . 51.™ _^ Z* sym (A, M), -5(s):a^aos. 

3.4. Connections between right-symmetric cohomologies and 
Chevalley-Eilenberg cohomologies. Recall that for any A he — module 
Q a standard representation g : A he — > C* ie (A, Q) is given by 

g(x)^(ai, ... ,a k ) = 
k 

[x,0(ai, . . . ,a fc )] - ^]0(ai, . . . ,a;_i, [x,a,], . . . ,a fc ), 

i=l 

where (x, q) 1— > [x, g] is representation corresponding to the Lie module 
Q and 0GCL(AQ)- 
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Theorem 3.4. Let A be a right-symmetric algebra and M be an 
A— module. 
An operator 

F : CUA C\A, M)) -> C'+KA, M), k > 0, (2) 

defined by the rule 

Fip(a , ai, . . . , a k ) = -ip(a!, ... , a fc _i)(a ) 

induces an isomorphism of A he — modules. Moreover, F induces an 
isomorphism of cochain complexes C*+^(A, M) and C* ie (A, C l (A, M)). 
In particular, 

H k r £ m {A,M) * Hi ie (A,C 1 (A, M)), k > 0. (3) 
The following sequence is exact 

-> Z r % m (A M) - C r % m (A, M) - tf° e (A, C 1 ^, M)) - Hl sym {A, M) 

Proof. Prove that for any x E A, k > 0, the following diagram is 
commutative 

CL(A,C\A,M)) CL(AC\A,M)) 
IF IF 

C^ m (A,C\A,M)) p ^> C^ m (A,M) 

For G Cf ie (A, C X (A,M)) we have 

F{e(x)4)}(a , a u . . . , a k+ i) = -Q(x)^(ai, ... , a k+1 )(a ) = 

k 

-{x o (ip(a u . . . ,a fc ))}(a ) + ^^(ai, . . . ,a*-i, [x,Oi], . . . ,a fc )(a ) = 

i=i 

fc 

+{(^(ai,... ,a fe )) ox}(a ) + , a^i, [x, a*], . . . ,a fc )(a ) = 

i=i 

-a o ip(x, ai, . . . ,a k ) + i/>(a ox,a 1 ,... , a k ) - ip(a , a ± , . . . ,a k )o X 

k 

-^^(«o,ai, • • • , [x,a,i], ... ,a k ) = 
i=i 



rsym (x)}(a u . . . ,a k )(a ). 
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Thus, F : Cf ie {A, C\A,M)) -> C*+ l m (A,M) is a homomorpism of 
A iie — modules. It is evident that, F has no kernel and F is epimor- 
phism. 

Now, prove that for any k > the following diagram is commutative 

Ct{AC\A,M)) ^ C%\A,C\A,M)) 
IF IF 

C^ m (AC\A,M)) *2T CS,(AM) 

For^C^AWM)), 

F(du e ^)(a ,ai, . . . ,a k+ i) = di ie ^(a u • • • ,a fc+ i)(a ) = 

53 (-l)V(ai, • • ■ ,d h ... , [oi,^-],... ,a fc+ i)(a ) 
fc+i 

- 5^(-l)*[ai,^(ai, ... ,di, . . . ,a fc+ i)](a ) = 
i=i 

(-l) J+1 F^(a ,ai, . . . ,dj,... , [a^a,],... ,a k+1 ) 

l<i<j<k+l 
k+1 

+ J2{-iyd rsym (ifj(ai, ... ,di,... , a k +i))(a , a*) = 
i=i 

^ (-l) l+1 F^(a ,ai, . . . ,dj,... , [a^, a,], . . . , a fc+ i) 

l<i<j<fc+l 

fc+1 

+ ^(-l) i a °(V ; («i,--- ,di,... ,a k+1 ))(ai) 
i=i 
fc+i 

- 5^(-l)*(^(ai, • • • ,dj,... ,a fe+ i))(a o aj) 
i=i 

fc+i 

+ ^(-l) l (V>(ai, • • ■ ,di, ... ,a k+1 )(a ))oai = 
i=i 

^ (-l) l+1 F^(a ,ai, . . . ,dj,... , [a^, a,], . . . , a fc+ i) 

l<i<?'<fc+l 

k+1 

- £(-l)*ao ° (Fipia^cn, ... ,di, . . . ,a fc+ i)) 

i=l 
fc+1 



+ 5^(-l)*.Fty(ao a», ai, • • ■ , di, . . . , a fc+ i) 
i=i 

k+1 



i=l 
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= d rsym (Fip)(a , a u ... , a k+1 ). 

Thus we obtain the equivalence of cochain complexes ©fc>oC^ e (A, C l {A, M)) 
and Q)k>iCr Sym (A, M). In particular, an isomorphism (H) takes place. 
Since, H}, sym (A,M) = Z 1 rsym (A,M)/B 1 rsym (A,M) J and 

Z rsym(A, M) = E C 1 (A, M) '. d rsym ^ = 0} = Z? ie {A, C\A, M)), 



Bl aym (A, M) = {d rsym m :meM, (m, a, b) = 0, Va, b e A} = M Lass / M Lass n ikP TO 



we have the exactness of (ffl). • 

Definition. Let / : C* rsym (A,M) -> Q e (A,M) be a linear opera- 
tor, such that 

f:C* sym (A,M)^C* e (A,M), 
k 

fip(a 1 , ... ,a k ) = oi, . . . , dj, . . . , a fc ). 

i=i 

Introduce subspaces 



C7 r fc SJ/m (A, M) = e C*+ 2 m (A, M) : ftp — 0}, k >0 • 

Theorem 3.5. Let A be a right-symmetric algebra and M be an A - 
module. Then the operator f : C* sym (A,M) — > C* ie (A,M) is the 
homomophism of cochain complexes and the folllowing cohomological 
sequence 

- Zl sym {A, M) -> Zj ie {A, M) 4 

H° rsym (A, M) -> H 2 rsym (A, M) -> i^ ie (,4, M) ^ tf^JA M) 

4 5*^(4 M) - # r fc sym (A, M) - #* e (A M) 4 M) - • • • 

exact. A connected homomorphism 

6 : H* e (A, M) ^ H^JA, M) 
is induced by homomorphism 

5 : Z* e (A, M) - Z^A, M), V ^ 



30 ASKAR DZHUMADIL'DAEV 

Proof. We will check that for k > the following diagram is 
commutative 

C rsym( A i M ) ^ C rtymi A i M ) 
if if 

CL(AM)) ^ Cf+ l (A,M) 
For ip e C r fc SJ/m (A,M), we have 

fd rS y m ip{ai^ . . . , cifc+i) = 
y^(— l) s+fc rf r5j;m -?/'(a s , ai, . . . , a s , . . . , a k +i) = 

s 

J2(-l) l+s+k+1 a s o (^(ai, ai, . . . ,di,... , a fl , . . . , a fc )) 

+ XX -1 ) J+S+fea s ° ^(°*' °1' • ■ • ; ■ ■ ■ > 0»> " • ■ » a ^+l) 

- ^(-l) i+s+fc+ V(a, o a i? ai, . . -jd^. • , 4, • • • , a k )) 
+ XI (- 1 ) S+l+fc V'(«s, ai, . . . , a», . . . , Oj-i, [a*, dj},... , a s , . . . , a fc+ i) 

i<j<s 
i<s<j 

+ X (-l) s+ * +fc+ V(«s, ai, . . . , a fl , . . . , Oj, . . . , aj_i, [a^ a,], . . . , a k+1 ) 

s<i<j 



-EM) 1 







'15 • • 


• 5 a si 



- ^2(-iy +s+k 4)(a s , ai, . . . , a s , . . . , dj. . . . , a fc+ i) o a* 



and 



duefipia!, . . . ,a k+1 ) = 
XJ(- 1 )7V'(ai, ••• , d i? . . . , aj-i, [ai, %],... , a fc+ i) 
+ S(-!)*[/^(ai> • • • 5 a», • • ■ , afc+i), = 
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(-iy +s+k+l ^(a s , en, . . . , d s , . . . , d j,... , aj_!, [a u aj], . . . , a fc+ i) 

s<i<j 

■ ( _1 ) l+fe+S V'(a s , ai, . . . , dj, . . . , a a , . . . , a,-_i, [a*, a,], . . . , a fc+ i) 

i<s<j 

+(-l)* +J+ V([ai,aj],ai, • • • ,«»,••■ • • • ,a>k+i) 
+ XI (-l) i+fc+s ^(as,ai, ... ,di, . . . ^j-ijaj,^], ... ,d s , . . . ,a k+1 ) 

i<j<s 

+ ZK _1 ) t+S+fe [^( a ^ °i> • • ■ ' » s, ■ ■ ■ , d j, • • • , afc+i), a»] 
+ H(- 1 ) i+s+fc+1 [V ; (a s ,ai,... ,di, ... ,d s ,... ,0^+1), a*] 

i<s 

Thus, according to right-symmetric identity, 

fd rsym i) = duef^, W> G C* sym (A, M), Vfc > 0. 
So, a short exact sequence of cochain complexes takes place 
-> ©*>oC^(A M) - © fe>0 C^ m (A, M) - © fe>0 Ci(A, M) -> 0. 
In particular, a long cohomological sequence 

tf r % m (A M) - tf r % m (A M) - Hf ie (A, M) 

- M) - # r fc SJ/m (A, M) - Hf ie (A, M) — > • • • 

is exact. The exactness of the beginning part 

- ^ m (A M) - 4 e (A, M) - tf r % m (A M) - tf r % m (A, M) 

we check directly. It is clear that du e ip = 0, if d rsym ^) = 0, ip E 
C\A,M) . So, the natural homomophism Z} sym (A,M) -> Z/ ie (A,M) 
is a monomorphism. Let 50, G Zj- ie (A, M), gives us a trivial class in 
H°(A, M) = Z? sym (A, M). Then G Z^JA, M), since 50 = d rsj/m 0. 
Suppose that er G Z° SJ/m (A,M) is a coboundary in Z^ SJ/m (A, M), say 
a = d rsyrn uj, for some u; G C^ SJ/m (^4, M). Then d rsym uj(a, b) = a (a, b) = 
a(b, a) = d rsym u(b, a), for any a,b G A. This means that du e oj = 0. 
The theorem is proved completely. • 
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3.5. Cup product in right-symmetric cohomologies. 

Theorem 3.6. Assume that a cup product of A— modules U : M x 
N — > S is given. Then a bilinear map 

Ct+KA, M) x C* ie {A, N) -> C%JA, S), ty, 0) ^ U 0, 

defined by 

C^ m (A, M) x CL(A, iV) - C^+\A, S), ty, 0) ^ U 0, 
V> U 0(a o ,ai, • • • ,a fc+i ) = 



^ sgnaip(a ,a cr ^- ) , . . . ,a a(k) )U<f)(a a ( k+1 ), . . . ,a CT(fc+i) ). 

a G Sym k+h 
cr(l) < • ■ ■ < cr(/c), 
+ 1) < ■ ■ • < a(k + 

is a/so a cnp product: 

(aU(3) Prsym (x) = a Prsym (x)U/3+aU(3p He (x), Va G C^g^A.M), V/3 G Cj* e (A,iV). 
Moreover, 

d rS ym(lp U 0) = cUj/mV' U - U rf He0, (5) 

/or any V G C*+^(A M), G CL(A iV), kj >0. 
Proof. By theorem |3]4] 

F(r) U 0) = F(?7) U 0, 
F(ap^ e (x)) = (Fa)p rsym (x), 

for any G C* e (A,C\A,M)), a G C(A^), e ^(A, JV), z G 
A. 

Prolongate the cup product M x N ^ S, (m, n) i— > m U n, of A— 
modules to a cup product of A he -modules 

(/,n)H/Un, (/Un)(a) = /(a)Un. 
Check the correctness of this definition: 

((/Un)o(o))(i) = 

drsymif U Tl) (6, tt) = 

6 o ((/ U n)(o)) - (/ U n)(6 o a) + ((/ U n)(6)) o a = 
6 o (/(a) Uu)-/(ftoa)Un + (/(6) Ufi)oa = 
(6 o /(a)) Un-/(6oa)Un + (/(ft) o a) U n + /(6) U [n, a] = 
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(d rsym f(b, a)) U 71 + /(&) U [n, £l] = 

(/ o a) (6) Un + /(&) U [n,a] = 

((/oa)Un + (/U[n,a]))(6). 

Thus, we have a cup product of Chevalley-Eilenberg cochain com- 
plexes [?] 

C^(A,C\A,M)) x C l lie (A,N)^C^ l (A,C l (A,S)) 
{(77 U 0)(ai, • • • ,a k+ i)}(a ) = 

^2 sgna {i](a a{1) , . . . ,a a{k) )U<f)(a a ( k+1 ), . . . ,a a(k+l) )}(a ). 

a G Sym k+ i, 
er(l) < • ■ • < er(A;), 
<r(A; + 1) < • • - < cr(k + I) 

We see that cup products for Chevalley-Eilenberg complexes and right- 
symmetric complexes are compatible. Namely, 

(Fr/) U0 = F(r/U0), (6) 

for any 77 G Cf ie {A, C 1 (A, M)) , G C l Ue (A,N) (definition of isomor- 
phism F : CUAC\A,M)) -> C^ m (A,M) see ©). Since, [?] 

dujyj] U 0) = d Ue r) U + (-l)S U d fc 0, 

accordingly @, 

d rsym ((Fr)) U 0) = d rsym F(r) U 0) = 
Fcfe e (77 U 0) = F(d iie r/ U + (-l) fe r7 U d iie 0) = 



Fd lie r] U + (-l) fc Fr7 U d, 



d rsym Fr] U + (-l) fc Fr/ U d Ke 0. 

By theorem |3]3] for any -0 G C^] n (A, M), k > 0, there exists 77 G 
^(4,C 1 (A,M)), such that if) = Frj. Hence, © is true. • 

Corollary 3.7. The cup product 

CrtymiA M) X Q e (A N) -> C^(A 5), (^, 0) ^ U 0, 

induces a cup product of cohomology spaces 

H^ y 1 m (A 1 M)xH l he (A,N) - ([# [0]) ^U0], >0,Z > 0. 

Z rsym(A, M) X F< e (A JV) - i^JA 5), ty, [0] ) ^ U 0] , Z > 0. 
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Proof. 

Z*+l(A, M) U Z l lie (A, N) C Zf+j+^A, S), k,l>0, 

B k r +l(A, M) U Z\ ie {A, N) C S*Jj+ 1 (A 5), fc > 0, i > 0, 

Z'+KA, N) U B\ ie {A, N) C Bj+JftA, 5), fc, J > 0.. 

Notice that for any module M of right-symmetric algebra A and 
trivial A -module K, there exists a natural cup product 

M x K- ^ M, (m, A) h-> mA. 

So, we have a pairing of cohomology spaces 

H* rsym (A,M) x H* e (A, K) - H* rsym (A,M). 

In particular, H* sym (A, M) has a natural structure of module over 
H* ie (A,K,). As it turned out in some cases H* sym (A, M) is a free 
e ( A, /C) -module. In section | we will see that this is the case, if 
A = gl r n s y m . 

Denote by M antisymmetric A -module obtained from M by f a = 
r a — l a , l a = 0. One can construct another cup product 

K x M -)• M, \Um = \m. 

We use this cup product in consideration of right-symmetric cohomolo- 
gies for A = W^ sym , section ||. 

4. Deformations of right-symmetric algebras. 
4.1. Deformation equations. We will follow the Gerstenhaber the- 



ory of deformations of algebras [10]. Let A be a right-symmetry al- 



gebra over a field /C of any characteristic p. Let JC((t)) be a fraction 
field for formal power series algebra /C [[#]]. Extend the main field JC 
until JC((t)) and construct on the vector space A<S>JC((t)) a new right- 
symmetric multiplication 



Ht = fJ, + ty.\ + t 2 fi 2 + 



where 



fa G C 2 sym (A, M), i = 0, 1, 2, . . . , and /i (a, b) = a o b. 

The right-symmetric condition for fit in terms of can be regarded 
as the following deformation equations 

Hi£Z 2 rsym (A,A), (DFRA) 
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k-l 

YjVi* A*fc— i = -d rsym /j, k , (DFR.k) 
1=1 

k = 2, 3, . . . , 

where 

(ip*(j))(a, b, c) = ip(a, <p{b, c))-ip((j)(a, b), c)-ip(a, 0(c, 6))+^(0(a, c), 6), 
^,0GC r % m (AM). 

Right-symmetric deformations fi t , and f t are said to be equivalent, 
if there exists a map 

9t = go + tgi + tg 2 + --- , <?fc G Cl sym (A, A), k — 0,1,2, ... , 

with an identity map go, such that 

& -1 (A*t(fft(a)» &(&))) = ^(M), Va,6 G A. 
In particular, for equivalent deformations /x t , f t , should be 

^i = A*i + d rsym gi. 

In other words the first deformation terms, so called /oca/ deformations 
will define equivalent 2-right-symmetry cohomology classes [fii] = [vi\. 

Converse, suppose that there is given a 2-cocycle of right-symmetric 
algebra with coefficients in the regular module, tp G Z^ sym (A, A), with 
a cohomology class [ip] G H^ sym (A, A). One can take /ii := -0, and 
try to construct fi k that will satisfy deformation equations. Evidently, 
(DFR.l) is true. We will say that local deformation /ii — tp can 
be prolongated to a global deformation until k -th term, if there exist 
/i 2 , • • • ,/ifc, such that equations (DFR.k) are true. If this is the case 
for any k > 0, we will say that local deformation Hi can be prolon- 
gated until global deformation /i t or, equivalently, that ji t is global 
deformation or prolongation of fj, 1 . Set, 

k-l 

Obs k (tp) = YjHi-kHk-i. 
i=i 

Notice that the definition of Obs k (ip) depends not only from ip but, 
also from the first k — 1 terms of deformation. 

4.2. Third cohomologies as obstruction. 

Proposition 4.1. Suppose that a local deformation Hi — ip can be 
prolongated to a global deformation until (k—1) -thterm. Then, Obs k (%p) G 
Z^ sym (A, A) and the prolongation of ji\ until k -th term is possible, if 
and only if [Obs k (ip)] = 0. 
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Proof. For a G C k+l (A,A),(3 G C l+1 (A,A) define multiplications 

a * (3 G C fc+m (A, A), a-/?e C fc+ ' +2 (A, A) by 

a * /J(ai, . . . , a fe+m ) = 

fe+i 

^(-l) (s+1) 'a(ai, . . . , a s - 1} (3(a s+1} ... , a s+ i), a s +i +1} ... , a k+ i +1 ). 

8=1 

a — (3(ai, . . . ,a k+i+2 ) = 
a(ai, . . . , afc+i) o /3(a fc+2 , • • • , a fc+i+2 ). 

Then, 

ip * 0(a, b,c) = ift * 0(a, c, 6) — ^ * 0(a, 6, c), ip,4> <E C 2 (A, A), 

and 

^rsj / mC ) 6s fc (^)(ao,ai,a2,a3) = 
^ sgnad ass (jj,i* /i s )(a , a CT (i), a CT (2), <V(3)) 

i+s=fc,i>0,s>0 adSym-i 

where <i ass means Hochshild coboundary operator as in associative 



algberas. By [|T|, §7, Th.3], 

dassOt * (3 = a* d ass (3 - d ass a *(3-a^(3 + (3^a, a,(3 e C 2 (A,A). 
Notice that 

Hi — Hs ~ Hs ^ Hi = Y w Hs~ Y 

l+s=k,l>0,s>0 l+s-k,l>0,s>0 l+s-k,l>0,s>0 

Hence, according to conditions (DFR. /), / < k, 

drsymObs k (ip)(ao,a 1 ,a2,a 3 ) = 

Y sgnvdassim ^ /^)(ao,aa(i),a<T(2),a<T(3)) = 

l+s=k,l>0,s>0 crdSymz 

Y Y sgna fn* d ass fi s (a ,a aW ,a a ^),aa(3)) 

l+s=k,l>0,s>0 aGSym-j 

-sgna dass/Ji * jU s (a , a CT (i), a CT (2), 0a(3)) = 

XI S 5 , ^ "/ U K rf ass/U s (ao,aa(l),aa(2)),aa(3)) 
i+s=fc,/>0,s>0 a£Sym:j 

-sgna fii(a , d ass fi s (a a(1) ,a a( 2),a a{3] )) 
-sgn a d ass fn (fi s (a , a a( i) ) , a ff(2 ) , <M3) ) 
+sgna d ass /ii (a , /x s (a CT (i) , a CT ( 2 ) ) , a CT ( 3 ) ) 
-s#n a d ass ni (a , o a (i) , ^ s (a CT ( 2 ) , a CT (3) ) ) = 
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E 

l+s=k,l>0,s>0 

{Hi(d rsym fi s (ao, a 1? a 2 ), a 3 )— fii(d rsym fi s (ao, ai, 03), a 2 )+fii(d rsym fi s (a , a 2 , a 3 ), ai) 
— Hi(a , d rsym [i s (ai, a 2 , a 3 ))+/^(a , d (a 2 ,a 1 ,a 3 ))-iii(a ,d (a 3 ,ai,a 2 )) 

—drsymUliHsidO, a l)> a 2? O3) +<^rsym/ i i (/^ ( a 0? a 2), ^1, O3) ~~ d rsym ^i (fj, s (do, 03), Oi, 0. 2 ) 

+d rsym iii(ao, Hs\ a i, a 2), a 3) ~ d rsym fii(ao, n s (a 2 , ai), 03) 
—d rsym (j,i(ao, /i s (ai, 03), a 2 ) + d rsym fj,i(ao, // s (a 3 , ai), a 2 ) 
+d rsym fii(ao, /i s (a 2 , a 3 ), ai) — d rsym fii(ao, // s (a 3 , a 2 ), ai)} = 

5! + 5 2 , 

where 

ft= E E 

i + S = fe,/>0,S>0 Sl+S2=S,Sl,S2>0 

{-/i;(/i Sl ^/i S2 (a , ai, a 2 ), a 3 )+/ij(/i Sl */i S2 (a , ai, a 3 ), a 2 )-/ij(// Sl *// S2 (a , a 2 , a 3 ), ai) 

(a 2 ,a 1 ,a 3 ))+iii(ao (a 3 ,ai,a 2 ))}, 

s 2 = E E 

2+s=fc,«>0,s>0 Ji+*2=J,Ji,/2>0 

{fi h ~kni 2 (n s (a , ai), a 2 , a 3 )-fi h *fii 2 (fi s (a , a 2 ), ai, a 3 )+^ 1 ^ 2 (/i s (a , a 3 ), a i? a 2 ) 

— A*ii *^ 2 (a ,/U s (ai,a 2 ),a 3 ) + * /^ 2 (a , // s (a 2 , ai), a 3 ) 

*-/ij 2 (ao,/i s (ai,a 3 ),a 2 ) - * //« 2 (a , M s (a 3 , ai), a 2 ) 

— A*ii *A*i 2 ( a o,A*«(a2,a3),ai) + A«ii * /^ 2 ( a o, ^(^3, 02), 
We have 

E E 

i+s=fc,Z>0,s>0 si+s 2 =s,si>0,S2>0 

{- A*i(A**i *^ 2 ( a o,ai,a 2 ),a 3 )+^(// sl * /x a2 (a , a i, a 3 ), a 2 ) - * /i S2 (a , a 2 , a 3 ), ai) 

+ /i ? (a ,/i Sl */i S2 (oi,a2,a 3 ))-/ij(ao,/i sl * // S2 (a 2 , ai, a 3 )) +/ij(a ,/i si * /i S2 (a 3 , ai, a 2 )) 



+ */i S2 (a ,a2,ai),a 3 )-/ij(/i Sl * /x^ao^a 3 , ai), a 2 ) + * /i S2 (a , a 3 , a 2 ), ai) 

-fii(a ,fi Sl */i S2 (ai,a 3 ,a 2 )) + /i;(a ,/i Sl * /i S2 (a 2 , a 3 , ai)) - /^(a , /x Sl * /x S2 (a 3 , a 2 , ai))} = 



E E -sfi , ^o"^*(At S i*^ S2 )( a o,a (7 (i),a (T ( 2 ),a (T (3)), 

i+si+S2=fc^>0,si>0,S2>0 crGSyms 

and 
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S 2 = E E 

l+s=k,l>0,s>0 Zi+Z 2 =Mi>0,Z2>0 

{fi h * fi h (fi s (a ,a l ),a 2 ,a 3 ) - fi h * fJ,i 2 (fJ, s (a , a 2 ), ai, a 3 ) + * /ij 2 (/i s (a , a 3 ), ai, a 2 ) 

- * /i« 2 (a , /i s (ai, a 2 ), a 3 ) + yu^ * //; 2 (a , /i s (a 2 , ai), a 3 ) 
+ *^ 2 (a ,/i s (ai,a 3 ),a 2 ) -/^ * /i« 2 (a , /x s (a 3 , ai), a 2 ) 
-^i *^ 2 ( a o^s(a2,a3),ai) + /i h * // i2 (ao^/As(a 3 , a 2 ), ai) 

— * ^ 2 ( ^(Qq, Q i), Q 3 , Q2) +^i *^ 2 (/is(ao^t2),a3,ai) -^1 * ^2(^5(50^3), «2, «i) 
+ A*h */i; 2 (ao^a3^ s (ai,a 2 )) -/^ * ii h (ao l a^jj, s (a 2 , ai)) 

— A*ii *MJ 2 (ao,a2,/i s (ai,a 3 )) + /i il * //; 2 (ao^^ s (a 3 , ai)) 
+ Mh * A f J 2 ( a o,ai,/i s (a 2 ,a 3 )) -/ijj * /ij 2 (a , ai, // s (a 3 , a 2 ))} = 

E cr * /i i2 ) * /i s (a , ao-(i) , a CT(2) , a CT ( 3 ) ) , 

ii+i 2 +s=fc,«i>0,Z 2 >0,s>0 

Let a,/3,7 G C 2 (A,A). Then, 

{a * (/3 * 7) — (a * /3) * 7}(a, 6, c, d) = 

* 7(0, 6, c), d) + a(a, (5 * 7(6, c, d)) 
—a * /9(7(a, 6), c, d) + a * (3(a, 7(6, c),d) — a * (3(a, b, 7(0, d)) = 

a(/%(a, 6), c), d) - a^a^jj^c)), d) 
+ a(a, c ), d)) - a(a, /%7(c, d))) 

- a(/3(7(a, 6), c), d) +0(7(0, 6), (3(c, d)) 

+ a(/3(a^7(M)» rf ) ~~ /%yM, d)) 
— a(/5(a, 6), 7(0, d)) + a(a, 7(0, d))) = 

-a(/3(a, 6), 7(0, d)) + 01(7(0, 6), /3(c, d)) = 
So, for any a, /3, 7 € C 2 (A, A), 

a*( / 9*7 + 7* ( 5) — (a*/3)*7 — (a*7)*/? = 
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For these reasons, 

Si = 

H Y -sfi'n ( T / u Sl *(/i S2 */i S3 )(ao,a (T (i),a (T (2),a (T (3)) 

si+S2+S3=fc,si>0,S2>0,S3>0 a£Sym,3 

Y sgna(/i h */ii 2 ) * m 3 (a 0j Ocr(i) ,a<r(2) ,a*(3)) = 

2i+i2+Z3=Mi>0,Z 2 >0,Z 3 >0 

= -5 2 . 

So, we prove that d rsym Obsk{^) = 0, if d rsym Obsi(il)) = 0, for any 
< Z < jfe. • 

Corollary 4.2. // H^ sym (A, A) = 0, i/ien any local deformation can 
be prolongated. 

4.3. Steenrod squares. Let char k = p > 0. In this subsection we 
recall Gerstenhaber's construction |I| of the homomorpism 

Sq : Zl sym {A, A) - Z r 2 SJ/m (A A), D h- SqD 

regarding the right-symmetric algebras. For any derivation D e Z^ sym (A, 
its p-th power L> p is also a derivation, _D P e Z^ sym (A, A). The proof 
is based on the following property of binomial coefficients: an integer 
f^J can be divided into p, if < a < p. Then, 

D p {a ob)- D p {a) ob-ao D p (b) = 

£ ° £ p ^(6) = 0(modp). 

In particular, we can consider integers (fy/p, < % < p by modulus 
p and introduce 2-cocycle Sg-D with coefficients in the regular module 

p-i 

SqD(a,b) =Y J D i {a)oD p - i (b)/i\{p-i)\. 
i=i 

This cocycle is called the Steenrod Square of derivation D and can be 
interpreted as an obstruction to prolongation of derivation to automor- 
phism. 

5. Calculations 



5.1. Standard 2-cocycles of right-symmetric algebras. In this 
subsection we will give the second interpretation of the identity d z rsym m 
0, m G M, mentioned in section B.2L 
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Proposition 5.1. i) Let M be a module over right- symmetric algebra 
A and M is its submodule. Suppose that for m G M, 

(rh, a, b) G M, Va, b G A. 

Then 2-cochain tpfa G C 2 (A,M) defined by 

■0m(a, b) = m o (a o b) — (m o a) o 6, 

zs symmetric 2-cocycle, ipfh G Z 2 (A,M). 

If m o a G M, Va G A, i/ien [-^m] = [0m] , where 

4>m (a, 6) = a o (m o 6). 

Notice that in the denotions of section ^ = V(m). 
Proof. 

^ m (a, 6) = (m, a, 6) = (m, 6, a) = ^ m (6, a), 

ao(m, 6, c)— ao(m, c, b) — (m, aofr, c) + (m, aoc, 6) + (m, a, [6, c]) — (m, a, 6)oc+(m, a, c)o6 = 
— (m, a o b, c) + (m, a,b o c) — (rh, a, b) o c 
+ (m, a o c, 6) — (m, a, c o &) + (m, a, c) o 6 = 
m o (a, b, c) — (m o a, 6, c) 
— m o (a, c, b) + (mo a, c, b) = 
0. 

If rh o a G M, then we can introduce a linear map u : A —>■ M, a i— » 
rh o a. We obtain 

^ m (a, 6) + d rsym uj(a, b) = 

ipm( a , b) — u(a ob) + u(a) ob + ao u(b) = 

"0 m (a, 6) — m o (a o 6) + (rh o a) o b + a o (m o b) = 

ao (fhob). 
In other words, m = ^ + d rsym LJ.» 
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5.2. Semi-center and derivations of W r n sym . Suppose that A is 
an algebra with multiplications (a, 6) i-> aofc, and (a, b) \— > a * b, such 
that the following conditions hold 

a o (b o c) — (a o 6) o c — a o (c o b) + (a o c) o 6 = 0, 

a * (6 * c) — b * (a * c) =0, 

a o (6 * c) — 6 * (a o c) =0, 

(a * o — b * a — aob + boa)*c = 0, 

(a o 6 — b o a) * c + a * (c o b) — (a * c) o 6 — 6 * (c o a) + (6 * c) o a = 0. 

In particular, A is a right-symmetric algebra. 

Let Zi(A) be the left center of A, Qi(A) is the left units space and 
Ni(A) = Zi(A) © Qi(A) is the left semi-center. 

Theorem 5.2. For A = W' n syrr \ if p = 0, or A = W„(m), i/ p > 2, 

= : i = 1, . . . ,ra}©<S(p > 0){af i_1 : < h < m h % = 1, . . . ,ra} ^ 
K, n © 5(p > 0)/C m ~ n , 

Q l {A) = {e={l/n)j^x l d l } = ^ 
i=i 

fc ■ 

^rsj/m(A ^) = W<9j, adxidj,5(p > 0)<9f * : i, j, = 1, . . . , n, < fcj < = 
/C n © gl n © 5(p > 0)/C m " n , 

where m = J27=i m «? an d S(p > 0) = 0, if p = and =1, if p > 0. 

Proof. Any derivation of right-symmetric algebra A induces a 
derivation of Lie algebra A he : 

d rsy m(a, b) = 0, Va, & G A 4- du e f(a, b) = d rsym f{a, b)—d rsym (b, a) = 0, Va, 6 e A. 

The corresponding homo morphism Z^ sym (A, A) — > Z} ie (A,A) ismonomor- 
phism. It is known, that all Lie derivations of W n are inner, i.e. have 
a form adudi, where u G U, i = 1, . . . , n. In case of W n (m),p > 0, 

fc ■ 

outer derivations <9f 1 , < fcj < « = 1, . . . , m^, appear. Since 

ad a(b o c) — ad a(b) o c — b o ad a(c) = 
a o (b o c) — (6 o c) o a — (a o 6) o c + (6 o a) o c — b o (a o c) + 6 o (c o a) = 

a o (6 o c) — (a o 6) o c, 

Lie derivation ad a : 6 i— > [a, 6] := a o 6 — 6 o a, is a right-symmetric 
derivation, if and only if 

a e A Lass . 

It is easy to see that, 

udi o (vdj o wd s ) — (-ui9j o vdj) o w<9 s = djd s (u)vwdi. 
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Therefore, 

A Lass = {udi : djd.{u) = 0, Vi, j = 1, . . . ,n} = {d^x^ : /../ 1 //}. 

k ■ 

In case of p > 0, direct calculations show that <9f 1 G Z^ sym (A,A). 
Other statements of the theorem are evident. • 

5.3. Pairing of W^ sym — modules and cocycle constructions. 

Theorem 5.3. Let A = W n ,p = 0, or A = W n (m),p > 3. The space 
H^ sym (A, A) , p = 0, has a basis consisting of cocycle classes of four 
types ip 1 ^, ^ 2 r , ipl t , ipf, s,l,r = l,...,n, such that 

^l,i,r( u ^ v ^j) = Sj^x^iS^uvdi - x s d[(u)vdi), 

^l r (udi,vdj) = Sj^x^di^vdi, 
ip 3 s l (ud h vdj) = (S iiS udj(v)di - x a di(u)dj(v)di), 
ipf(udi,vdj) = di(u)dj(v)di. 
In the case of p > 3, the space H^ sym (A, A) has a basis with coho- 
mological classes of the following cocycles of five types. 

i>l,l,r( U ® i ' V ®j) = fij,rXr mr ~ 1 (8i, S Uvdi - X s d[(u)vdi), 

i]? 8>l (udi,vdj) = (5 itS udj(v)di - x s di(u)dj(v)di), 
^t ikl (udi,vdj) = df l (u)dj(v)di, 

where s, I, r = 1, . . . ,n, < ki < mi. 

The proof is based on the following observations. 

Suppose that A— module M preserve the action of Ni(A) : 

z o m = 0, \/z G Z\ (A) , eom = m,We e Qi (A) , 

for any m G M. Define an operator 

C( A ' M )-C(A^)- 

^0(0)^(01, • • • , a k ) = ip{a , ax,... ,a k ) 

and an operator 



T '■ Cr Sym (A A) — > C^y m (A, A), 
k 

T^(a , a u . . . , a k ) = ^(-l) 1 ^ * i/j(a , a u . . . , d i: . . . ,a k ). 



i=i 

Then 

Td rS y m d rS y m T : 
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and for any a G N^A)^ G Z^JA, A), 

i {a)i(j G Zf ie (A,A 

anti ) ■ 

Define a pairing of regular A— module A and antisymmetric A— module 
U : 

A x U — > A, udi U v — uvdi. 

Notice that, 

A anti ^U®Zi{A). 
In particular, we have pairing 

A x A anti -> A, udi U ud, = 

Therefore we have imbedding 

Zl sym {A, A) x fl*,(4E0 - ffJ&OM)- 

Notice that the four types of cocycles mentioned above can be ob- 
tained from Z^ sym (A,A) (see section ^2|) and Hl ie (A,U), by pairing 
ipUcp, ip G Z^ sym (A,A), (j) E Hf ie (A,U). Recall that H} ie (A,U) can be 
generated by the classes of cocycles udi f— > ux~ x 5i ir , and udi l— ► Qj('u). 

Another interpretation of cocycles of types 1 and 2 can be given in 
terms of standard cocycles (see section |5.1|) . For simplicity consider 
only the case of p = 0. We have 

ipl !l>r = dio S)l>r , for u S)l>r (udi) = lnx r [x s d h udi], 
ipl r = du l<r , for u l)r (udi) = lnx r di(u)di, 

and 

V (x s In x r di) (udi, vdj) = didj(x s \n x r )uv, 
V (In x r di) (udi, vdj) = —5^ r 5j yr uvdi. 

Therefore, 

[V'ii.rl = [V(x s lnx r ^)], 
[^ r ] = [V(m^)], 

because of 

^ii,r = V(a; s m:r r <9j)-d rsym u;]^,for lo\ u G C* sym (W n , W n ), uj] l r (udi) = d^x^XgUdi, 



= V(lnx r ^)-^ m <,for ul G C^^, W n ), wj r (u9i) = S^x^udt. 
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Theorem 5.4. Let A = W[ sym , if p = 0, and A = W^m), if p > 
3. Then H^ sym (A,A) has dimension 4, if P — 0, and cohomological 
classes of the following cocycles generate a basic 

^(udjvd) = x~ x uvd, 
tp 2 (ud : vd) = x~ l d(u)vd, 
ip 3 (ud, vd) — (u — xd(u))d(v)d, 
tp A (ud,vd) = d(u)d(v)d. 

(Recall that, d = d x , for n — 1. ). 

For A = Wi{m),p > 3, the group H^ sym (A, A) is (3m+2)— dimensional 
and the classes of the following cocycles generate its basis 

il?~(ud,vd) = x pm ~ 1 MW(9, 

ijjl(ud,vd) = x pm ~ 1 d pk (u)vd, < k < m, 
tp 3 (ud,vd) — (u — xd(u))d(v)d, 
ipl(ud,vd) = d pk (u)d(v )d, < k < m. 
p ~ l 

SqD : (o ) i))HX;z? i (o)oir < (ft)/(i!(p-i)!) 1 D = d p , < k < m. 

i=l 

Cocycles of types 1 and 2 are also Novikov cocycles. Local deformation 
ip = Yh=i Uip l ,P = 0, can be prolongated if and only if tit 3 = 0, t 2 t<i = 
0. 

5.4. Right-symmetric central extensions of Novikov algebras. 

Let A be a Novikov algebra, R G Der^ A := {D G Der A : a o R(b) = 
b o R(a), Va, b G A}, and n : A — > /C, a linear map, such that 

n(R(a)) = 0, Va G A. 

Define i/j G C r % m (A,/C), by 

t?(a,6) = ?r(aoi2(6)). 

Lemma 5.5. i? G Z^ sym (A, fC). 

Proof. Since, a o i?(6) = b o R(a), then 

#(a,6) = &(b,a). 

We have 

?r(- (a o b) o i?(c) + (a o c) o +a o c]) = 



-{aoR(c))ob-ao [b, R(c)} 
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+ {a o R(b)) oc + a[c, R(b)} + ao R[b, c]) = 

7r(-(a o R(c)) o b + (a o #(&)) o c) = 

ir(-R((a o c) o 6) + (i?(a) o c) o b + (a o c) o 
+(a o R(b)) o c) = 

vr((i?(a) oc)ob + boR(ao C ) + {ao R(b)) o c) = 
n((R(a) oc)ob + bo (R(a) o c) + b o (a o R( c )) + (a o o c) 
n((R(a) o c) o 6 + i?(a) o(fcoc) + ao(6o i?(c)) +(a o #(&)) o c) 

n((R(a) o C )ob + R{ao(boc))-ao (R(b) o c) + (a o #(&)) o c) 
7r((i2(a) o c) o b -a o (c o R(b)) + (ao C )o R(b)) = 
7r(-a o (c o i?(6)) + i?((a oc)ofc)-( fl o i?(c)) o 6) = 
?r(-a o (c o i?(6)) - (a o i?(c)) o 6) = 

n(-R(a o (c o 6)) + i?(a) o (c o 6) + a o (i?(c^o 6) - (a ° JjM^ 6) 
?r(i2(a) o (c o 6) + a o (b o i?(c)) - (a o 6) o i?(c)) = 
tt(c o (i?( a ) o b) + a o (c o #(&)) - (a o 6) o i?(c)) = 
tt(c o (i?(a) o b) + c o (a o R(b)) - (a o b) o i?(c)) = 
7r(co.R(ao&) - (aot)o%)) = 
0. 

So, GZ r % m (A,/C). . 
In particular, algebras 

A = ^ m = {e, : e, o e, = (i + l)e i+j , i,j £ Z}, p = 0, 
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A = W[ sym (m) = {ti : ejoej 



( 



i 



) 



-1 < 



<p m -l}, P>0, 



have right-symmetric 2-cocycles with coefficients in the trivial A -module 
/C. Prove that, the cohomological class of the cocycle t? in both cases 
is not trivial. If $ = d rsym u, u G C 1 (A^, /C), then 



In the case of p = we have a contradiction: 

-2 = i?(e_ 2 ,ei) = GU ym (e_ 2 ,ei) = -w(e_i), 

-6 = $(e_ 3 ,e 2 ) = rf rS j/m(e-3,e 2 ) = -2a;(e_i). 
Since, d rsym u)(ei, e p m_i_i) = 0, we also obtain a contradiction, if p > 0. 

Theorem 5.6. Let A = W[ sym ', i/ p = and A = Wi(m), if p>0. 
Then the second right- symmetric cohomology space H^ sym (A,JC) has 
dimension 1 and generates by a class of cocycles 

■&{e h ej) = -(J + l)j5 i+j _i, if p = 0, 

i?(ei,ej) = -(-1)*^+^™-!, p>0. 

// A is considered as a Novikov algebra, then any Novikov central ex- 
tension is split: H^ ov (Wi, /C) = 0. 

Recall that Novikov co homologies are defined in Central exten- 
sions of Cartan Type Lie algebras are described in 0] 

Proof. For u G U = /Cffa^ 1 ]] let ir(u) be its coefficient at x^ 1 . 
Then ir(d(u)) = 0, Vm G U. Recall that e { = x i+1 , i G Z, and the 
multiplication in A is given by a o b = 9(a) 6, a,b £ U. 

Prove that an isomorphism of A he -modules takes place 



(j + ifp = 0, 

(-l) J 5 i+: ,-pm_l, if P > 0, 




(i + l)u(e i+j ), ifp = 0, 




C\A,K) = U v 

A bilinear map 

( , ) : U x Ui — > /C, (w, h-> 7r(« • f) 
is compatible with the action of A he : 



(7) 



((a) (it),f) + (u, (a)i(t))) = 
7r(— (-a o a) • u — u • (v o a) — u ■ (a o v)) 
ir(-d{a ■ (u-v))) = 0, 
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for all a G A, u G U ,v G U\. So, we have a pairing of A he -modules 
( , ) : Uo x C/i — > K. This pairing is nondegenerate. Thus, a dual 
A he -module to U is U\. Since, 

(/ o a ) (6) = d rsym f(b, a) = -f(b o a), / G C\N,k),a,b G iV, 

we see that the A Zie -module C 1 (A, /C) is isomorphic to the dual of Uq. 
This ends the proving of (0). 
By theorem [O] 

^ 2 sym (A, K) = Hl ie (A, C\A, K)) = Hl ie {W x , U,). 

By the resutls of Gelfand and Fuchs |?[] the space H} ie {Wi,U\) is 
1-dimensional and generates by a class of cocycle a \— > d 2 (a). An anal- 
ogous statement is also true in the case of p > 0. The corresponding 
right- symmetric cocycle is the cocycle d. 

If if) : A x A JC is a cocycle for central extension in the category 
of Novikov algebras, then 

ip(a, bo c) — ip(b, a o c) = 0, Va, b,c G A. 

The algebra A = W™ ov has an element eo that has the property 
e o c = c, for any c G A. Take a := e . We have 

?p(eo, bo c) = if)(b, eo o c) = if)(b, c), V6, c G A. 

Therefore, for u> G C^ m (A, JC) = /C), such that u;(a) = —i[)(eo,a), 

we have 

^(6, c) = -w(&oc) = d nov u(b, c). 

Recall that, c?„ ot ,0 = d rig ht(fi, for any G C 1 (A, /C). So, any 2-cocycle 
of W™ ov (in sense of Novikov) with coefficients in the trivial module, 
is a coboundary. • 

5.5. Cohomologies of W^ sym in an antisymmetric module. Re- 
call that a multiplication in W^ sym is given by adi o bdj = bdj(a)di, 
where a,b G U = JC^x^ 1 , . . . yX^ 1 }}. Endow U by a structure of anti- 
symmetric W^ sym -module: u o adi = adi(u) . 

Let Q n = {u dx\ A • • • A dx n : u G U} be an antisymmetric W^ sym - 
module of n -dimensional differential forms: 

[u dx\ A • • • dx n ) o adi = diip/u) dx\ A • ■ • A dx n . 

Let M be W r n sym -module. Construct a cup product of W r n sym - 
modules 

U x fT <g> M -> M, (it U u tfcci A • ■ ■ A dx n <g> m) = iz{uv)m, 

(8) 
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where ir(u) for u G U denotes a coefficient of u at x^ 1 . . . x~ l . Recall 
that M is an antisymmetric A -module corresponding to M, such that 
r a = r a — I a, I a = 0. Notice that 

ir(deri(u)) = 0, Vu G U, i — 1, . . . , n. 

Therefore, 

{u o adi) U (v dxi A • • • dx n ®m)+uU[i) cfei A • • • dx n ® m, a<9j] = 
adiiu) U (f <ixi A • • • A <ir n ®m)+uU (di(av ) <ixi A • ■ • A <ir n <S> to) 
+m U v dx\ A • ■ ■ A dx n ® [to, adi] = 
7i(adi(u)v + udi{av)) m + 7r(w) [to, aSj] = 
7r(9i(awu)) + 7r(w) [to, a<9j] = 
(tiUu dx\ A • • • A rfx n ) (g> [to, adi] — 
{u U f cfai A • • • A <ix n (g> to) o adi. 
and the definition of the cup product @ is correct. 

Theorem 5.7. Let M be an antisymmetric W^ sym -module. The cup 
product of W™ ym -modules (jiS) induces an isomorphism 

Hf+HWn, M) = Z l rsym {W n , U) ® H« e (W n , £l n ® M), fc > 0. 

^4n isomorphism takes place 

Z l rsym {W n , U) S i4, m (^ n , 17) = {dx, : z = 1, . . . , n} = A 1 . 

Proof. We will argue as in the previos subsection. For a W n -module 
M its dual module is denoted by M' . Consider A 1 = {dx\, . . . , dx n } 
as a trivial module over Lie algebra W n . Endow U <8> A 1 by a struc- 
ture of W n -module using a natural W n -module structure on U = 
)C[[xi, . . . ,x n }} and a trivial W n -module structure on A 1 : 

(u ® dxi)bdj = bdj{u) <E> rfxj. 

It is easy to see that, 

C l (W n ,K) = A l (g)U', 

since for any / G C 1 (W / ri ,,/C), 

[f^ad^bdj) = (foad^bdj) = -/(ad^dj). 

The bilinear map ([8]) is nondegenerate and gives a pairing of modules 
over Lie algebra W n . So, 

U' £ fi n . 

Therefore, an isomorphism of W 7 ,,, -modules takes place: 

c 1 ^,, /c) = a 1 <g> n n , c\w n , M) = A 1 ®n n ® m, 
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and by theorem |3.4| 

H^KWn, Af) = A 1 ® Hf ie {W ni Vt n ® Af), k> 0.. 

Corollary 5.8. H k r + l m {W n , K) = A 1 <g> Hf ie (W nj k > 0. 
Recall that H* ie (W n , ft*) is calculated by Gelfand and Fuchs 0. 

5.6. Cohomologies of gl r ^ ym in an antisymmetric module. 

Theorem 5.9. Let A = gl r n sym , char k = 0. Let M be a finite- 
dimensional A -module, such that a A he -module M is a tensor mod- 
ule. Then the cup product M x /C — > M, m U A = Am, induces an 
isomorphism 

H k r ^ m {A, Af) <* Z} sym (A, Af) ® F* e (A K), k > 0. 

Proof. By theorem EO] , 

lf£* (A, M) = HfoA, C\A, Af)), k> 0. 

By theorem 2.1.2 of 0, 

#* e (A tf 1 ^, AO) = HUA, K) ® C\A, M) AH \ 
It remains to notice that, 

C\A,M) AUe := {/ G C 1 ^, Af) : [/, a] = 0, Va G A} 
is exactly Z^ sym (A,M). It is evident: 

[/,o](6) = (foa)(b) = d rsym f(b, a), Va, 6 G A. • 

Corollary 5.10. Le£ A = gl T n ym and M be a irreducible antisymmet- 
ric A -module. Then H* sym (A, M) ^ 0, k > 0, «/ and onZy if M = A, 
and 



H^Kgln, (gQanti) = Hf ie {gl n , /C), k > 0. 



In particular, H k sym (gl n , K) — 0, /c > 0. 

Proof. Since Af is antisymmetric, 

ZrsymiA M) = {/ I A - M : /(& o a) = /(&) o a}. 

Thus, any / G Z^ sym (A, Af) gives us a homomorphism of right modules 
f : A —>■ Af. Since right modules Af and A are irreducible, by the 
Lemma of Shur, Z* sym (A, Af) = K, if Af = A, and Z} sym {A, Af) = 0, 
if Af p A. • 
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5.7. Cohomologies of gl™ yrn in a regular module. 

Theorem 5.11. Let A = gl n sym over a field K, of characteristic 
and M = A be its regular module. Then the cup product M x /C — > 
M, m U A = Am, induces an isomorphism 

H*+l(A, M) * Z). sym (A, A) ® Hf ie (gl n , /C), Z l rsym (A, A) * sl n , k > 0. 
In particular, any cocycle class in H^ ym (gl ni gl n ) has a representat 



ive 



that can be presented as adX U ip, where ip G Z£ ie (gl n ,1C) 



Proof. Any right-symmetric 1-cocycle of an associative algebra A 
is also an associative 1-cocycle and converse, any associative 1-cocycle 
is a right-symmetric 1-cocycle. So, Z^ sym (gl n , gl n ) ^ Z l ass (gl n , gl n ) . 
Any derivation of the associative algebra gl n is a derivation of the Lie 
algebra of gl n . Any derivation of gl% e , except a i— >■ tr a, is inner. So, 
the following sequence is exact 

— > Z^ sym (gl n , gl n ) — > Zi ie (gl n , gl n ) — > /C — > 0. 

In particular, 

ZlsymidL, gln) = {ad X : X G s/ n } = Zl ie (sl n , sl n ) = sl n . 
It remains to use theorem 



Corollary 5.12. ^4n algebra gl n as a right- symmetric algebra has non- 
trivial deformations. Any right- symmetric local deformation (2-cocycle 
of the regular module) is equivalent to a 2-cocycle r/x of the form 

r)x(a,b) = (trb)[X,a), 

for some X G sl n . Any local right- symmetric deformation can be pro- 
longated. Any formal right- symmetric deformation of gl n is equivalent 
to a deformation of the form 

Ht(a,b) = a o b + t (tr b)[X,a], X G sl n , 

where (a, b) i— > a o b is a usual associative multiplication of matrices. 

Proof. These statements can be obtained from the following coho- 
mological facts 

H 2 raym {gl n ,gQ = Z\ ght (gl n ,gl n )®R\ ie (glnX) = {adXUtr : X G sl n }, 

H rS y m (gln^ gln) = 0, 

and corollary [4.2| . • 

Remark. For uj G C 1 ((y'/ n , gl n ), u(a) = (tra)X, we have 

(r]+d rsym u)(a,b) = (tr b)[X, a] + (tr b)aoX—(tr aob)X+(tr a)Xob = fjx(a 

where 

fjx(a, b) = (tr b)X o a — (tr a o b)X + (tr a)X o b. 
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Therefore, [rj X ] ~ Vlx\- Notice that r/ x is a symmetric cocycle: 

fj(a,b) = fj(b,a). 

The prolongation formula for fjx is a little bit complicated. It can be 
given by 

jk(a,b) = * t (b))), 

where 

$ t = id + tuj. 

In particular, 

( a ) = a-t (tr a)X + t 2 (tr a) 2 X 2 , 

and some of the beginning terms of Jr t look like 

pL t (a,b) = a o b + t X o ((tr a)6 — (traob) + (tr b)a) 

+t 2 (tr atr b- (traob) 2 X 2 -(tratr(X ob))X-(tr(ao X)trb)X) + --- 

So, right-symmetric prolongation can be constructed in a such way, 
that corresponding Lie multiplication will not be changed: 

fit(a,b) - fi t (b,a) = [a,b]. 
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